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ABSTRACT

The fact that the Burali-Forti paradox is derivable in the first edition [10]
of Quine’s ML seems to be widely known. However the small print is not
widely known. With the recent news that in [4] Randall Holmes has proved

the consistency of NF (and thereby the consistency of the revised edition
of ML) the time is probably ripe for a historically informed treatment of
the whole story for a modern general logical audience.
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This version differs from the version in Logique et Analyse: section [f]is new.



As always, it is a pleasure to be able to thank Holmes for fruitful conversa-
tions about this material. I am also endebted to Allen Hazen for the fruits of
his close reading of the original texts.

There are two key ideas that loom large in this story; they’re not particularly
difficult but nor are they much discussed elsewhere, so it’s worth flagging them.
One is what I call the fundamental banality about induction, which is the point
that you can prove induction (over IN, over ordinals, or over a wellfounded
relation) only for those properties whose extensions exist according to your
theory. The other is the difference between predicative and impredicative set
existence schemes: do you allow bound class variables in your set existence
axioms? Close attention to these innocent-looking points is crucial in what
follows below.

The derivability of Burali-Forti in the system of the first edition [10] of
Quine’s ML is an old result (it’s in [I5]), but thoughtful moderns have heard of it,
even if only in the form of “Didn’t NF-with-classes turn out to be inconsistent?”.
With the resurgence of interest in NF attendant upon Randall Holmes’ proof
[4] of the consistency of NF, the time may be ripe for a systematic modern
treatment of the issues involved. The subtleties are instructive. And subtle
they are; Quine did not notice that the set existence scheme of the first edition
of ML was inconsistent. Quine was no mug, and if he could get it wrong, it’s not
fair to expect moderns encountering this material to work it out for themselves
unaided. When the Burali-Forti paradox originally appeared all those years ago
it was actually taken by some at the time to be a proof that the order relation
<no on ordinal&ﬂ was not a total order(!) and it remains famously obscure even
now. A sympathetic explanation is called for.

My intended audience is people who have been drawn to NF by the recent
excitement and who know the axioms, and who would like to know what pre-
cautions have to be taken to avoid Quine’s mistake. I also have a polemical
motivation: the inconsistency of [I0] has historically contributed to the cloud of
suspicion hanging over NF, and it would be a useful clarification to demonstrate
how this inconsistency doesn’t spill over to NF in any way.

There are obvious connections between ML (= NF + classes) and GB/MK
(= ZF + classes) but they are not explored here beyond the bare minimum
needed to illuminate ML, the topic in hand.

The history is that the first edition [I0] of Quine’s Mathematical Logic proves
the Burali-Forti paradox. This was spotted by Rosser [15] and also indepen-
dently by Lyndorﬂ The cause of the problem was identified by Wang [19] and it
is Wang’s analysis that is incorporated in the second edition [I1] — and also ex-
pounded here. This analysis superceded a temporary fix by Quine in [12] which

T am going to retain the Rosserism ‘NO’ for the set of ordinals rather than On’ as is
more usual. There are various reasons for this. For one thing NO is a set and On is not.
For another the string ‘On’ is closely linked in people’s minds with the ZF-style identification
of ordinals with von Neumann ordinals, and it’s best to use a notation that is free of those
associations.

21t seems that Lyndon never published his findings.



we will not discuss, Wang’s analysis being so obviously what Quine should have
said in the first place that it would be perverse to offer the reader anything else.
Much of the original literature (one thinks of [I0], [II], [12] and [I5]) is
opaque in the style of those days and is not for the faint-hearted. Stout-hearted
readers who wish to read the sources themselves rather than just trust me might
find that [14] is a good place to start. It doesn’t contain any material not in

[10], [11], [I2] or [I5] but it is much easier to read; it was where I started.

The overloading of the word ‘class’ is an annoyance. I have tried to write

of ‘relational types’ rather than ‘equivalence classes’ wherever possible.

Such relational types might be sets and they might not, and we don’t
want a nomenclature that gives the reader a possibly misleading steer.

1 Why introduce classes anyway?

The first edition of ML comes fairly soon after the theory nowadays known
as GB was presented to the world. The chief motivation for GB arises from
the fact that the axioms of ZF have function-classes and definite-properties as
parameters, and these can be given a uniform treatment by introducing classes,
and thereby finitised — and moreover expressed in a language lacking those
extra notions, a language having just € and =. By adopting a finite list of class
existence axioms GB can reduce the two infinite axiom schemes of replacement
and of separation to two single axioms.

“The image of a set in a class is a set”
and
“The intersection of a set with a class is a set”.

Nowadays set theorists tend to think that this achievement is not much use.
It is acknowledged that the axioms of ZFC form an infinite set, but that infinite
set is in some sense already of finite character: ZFC is recursively axiomatisable,
which is to say it is guarded by a finite engine, and many of the benefits of finite
axiomatisability can be secured by exploiting that finite engine. But the resort
to classes does at least give a uniform syntactic treatment of infinitely many
axioms. And as long as our class existence axioms do not allow bound class
variables the class theory is an extension of the set theory conservative for the
theory of sets.

The first thing to get out of the way is the fact that there are two forms
that the axiom scheme of class existence can take, the predicative and the
impredicative. The class existence scheme says that, for any expression
o(x,7), the class of all z satisfying ¢(x, ) is a class. Quine notates this
object as ‘T¢(z,y)’. This notation has not become standard in the liter-
ature (not much call for it) but we will use it here should we be forced
to notate a class abstract. We will say that ¢(z,¥) is the eigenformula
of the corresponding comprehension axiom and set/class abstracts. The
parameters in the eigenformula ¥ may be classes, but do we want to allow
bound class variables in the eigenformula? In GB one doesn’t; in ML
(both editions) one does. The scheme that does not allow bound class
variables we call predicative; if we allow bound class variables we call the
resulting scheme impredicative. Quine prefers the impredicative scheme,
and he uses it in both editions of ML.



If [14] is to be believed the version of GB with the impredicative scheme
was first considered in [I7] and [I§] (it does not mention the suggestively
titled [7]). This system is nowadays generally known as Morse-Kelley. For
reasons to do with the Fundamental Banality (see below) Morse-Kelley
is stronger than GB. It is an interesting area that has obvious parallels
with our concerns here, and the consistency implications of the extra
impredicative axioms continue to attract attention after seventy years but
it is not directly relevant and we will not consider it further.

What about NF, which is our concern here? On the face of it NF is no more
finitely axiomatisable than WaSEI ZF. However — in contrast to ZF — the axioms
of NF do not have function-classes or definite-properties as parameters so there
would be no work for the classes to do, were we to introduce them. So why
bother? It is this consideration (rather than the whiff of inconsistency around
the class theory) that has put people off investigating ML. There is essentially
no follow-up work on ML, though there has been lots on NF.

The answer to ‘why bother?’ is a long one, and it is probably worth launching
it by first rehearsing what I call The Fundamental Banality about Mathematical
Induction in Set Theory. All definitions of inductively finite cardinal (“natural
number”) boil down to this: a cardinal number is finite iff it belongs to every
set that contains 0 and is closed under successor. This definition justifies math-
ematical induction as follows. If 0 is green and the successor of a green cardinal
is green, then the set of green cardinals contains 0 and is closed under successor
and accordingly is one of those sets that we intersected to obtain the Naturals.
So it’s a superset of the set of natural numbers; so every natural number is
green. Therefore if 0 is green and the successor of every green number is green
then every natural number is green. However for this to work we need the col-
lection of green cardinals to be a set. The fundamental banality is the fact that
you can do mathematical induction only for those properties for which you have
comprehension.

A Plot Point .... One consequence of The Fundamental Banality is that
if we have an axiom that says that the intersection of a set with a class is a
set, then anything that gives us more classes will give us more sets of natu-
ral numbers and thereby enable us to prove more things by mathematical
induction. This will loom large in what follows.

As long as ‘green’ is stratified, NF says that the collection of green cardi-
nals is a set — and NF doesn’t promise mathematical induction for unstratified
properties. Indeed — as the wonderful paper [§] shows — Mathematical Induc-
tion for unstratified properties of naturals implies the consistency of NF. Quine
did not know this last fact at the time he wrote [I0] and [II], but he certainly
well understood the Fundamental Banality, and knew that NF prima facie did
not support unstratified mathematical induction. This is clearly a bug. (Quite
how grave a bug it is remains a matter for discussion. There are functions —
such as exponentiation and Euler’s totient function — which are inhomogeneous
in the sense that their inputs have different types from their outputs, so that
assertions such as n < 2™ on the face of it are unstratified. The question of the
extent to which this can be mitigated merits attention) NF was his baby, and
so it was down to him to sort it; his answer was ML.

3As it happens NF is finitely axiomatisable [2], while ZF is not [6], but neither of these
facts were known in 1940.



Quine was so taken with the idea that the axiom of infinity might fall
naturally out of the set existence scheme of NF that he recklessly iden-
tified the (uncontroversial) provability of the existence of infinitely many
distinct objects in NF with the (at the time merely conjectural) provabil-
ity of the Axiom of Infinity. NF does in fact prove the axiom of infinity
[16] but Quine didn’t know that in 1937. In 1937 he believed what he
wanted to believe. Nevertheless he still felt it was worth making the effort
for the more direct proof of the axiom of infinity and a justification of
mathematical induction that ML seemed to be offering.

If we want to define natural numbers in such a way as to justify (via the
fundamental banality) mathematical induction for all formulae, then clearly we
want the natural numbers to be the intersection of all classes that contain 0 and
are closed under successor. ML is a theory with classes, and its class existence
axioms are clearly going to tell us that this collection exists.

So far so good. However we not only want the ML definition of natural
number to support full (class) induction, we also want the collection of these
nice objects to be a set. One reason for this is that we want individual reals
and complex numbers to be sets (they have to be members of things like IR,
and mere classes cannot be members of anything) and — if we are to use any of
the usual rescensions — the simplest way to ensure that they are sets is to start
by making IN a set. Of course one could have a special axiom to that effectﬂ
but it would be quite the coup were the sethood of IN to neatly fall from the
heavans simply as a consequence of the set existence scheme already in place.

With this in mind, what are the set existence axioms of a class version of NF
to be? The reader can check for themselves that the formula that captures the
property “belongs to every class that contains 0 and is closed under successor”
is stratified. So if we have a set-existence axiom for every stratified formula
then the class of natural numbers thus defined will be a set, as desired. Such a
set-existence axiom scheme is simply carried over from NF ...surely. However
there is a catch. The set-existence axiom that would give us the existence of
the desired set of natural numbers is not literally a formula of the language of
NF, since it contains bound class variables. If we are to have confidence that it
is nevertheless safe to adopt its then we have to have an unshakeable belief in
the Magical Power of Stratification to ward off contradiction all by itself. Well,
if we have to, we have to. So let us adopt a set-existence scheme that says that:

The expression ‘(Vi§)(Iz)(Vz)(x € z «— ¢(z,9))’ is a set compre-
hension aziom as long as the eigenformula ¢(x, ) is stmtiﬁeﬂ and
all the free variables in it are set variables..

This version of the set comprehension scheme is the one in the first edition
[10]. We will speak of it as the permissive version.

As an instance of this scheme we have an axiom that says that the collection
of those natural numbers that belong to every class of cardinals that contains
0 and is closed under successor is a set. And we have mathematical induction

4Such an axiom was suggested for adding to the second version [I1].
5Modern treatments would prefer ‘weakly stratified’ at this point, but that is a subtlety
that we need not go into here.



over those naturals for all properties, as desired. That is to say, one can proudly
announce that ML proves the axiom of infinity outright. Quine very much liked
that idea, as is clear from what he says about the axiom of infinity in early
versions of [I3]. If the axiom of infinity is a natural consequence of the axioms
of his set theory then that is a point in favour of the strength and naturalness
of the conception that underlies that theory.

One effect of the difference between the two versions of the set existence
scheme in the two editions of ML is that the first version — by admitting bound
class variables into set existence axioms — tells us that IN thought of as the
intersection of all classes containing 0 and closed under successor is a set; the
best guess is that that was the fatal attraction that led Quine to adopt that
(first) set existence scheme rather than the consistent one uncovered later by
Wang, [20].

Let’s think about the definition of IN in ML, and how admitting bound class
variables into set existence axioms enables us to prove the existence of a set of
natural numbers so conceived that they obey full mathematical induction. IN
is the intersection of all classes of cardinals that contain 0 and are closed under
successor. We want it to be the intersection of all such classes (rather then
merely sets) because that is how we will get full induction for natural numbers
(finite cardinals). But what is a cardinal? Is it an equivalence class (relational
type) under set bijection, or under class bijection? Conveniently for us it turns
out that — for finite cardinals suitably defined — the two are the same, as we will
now show.

We first give a definition of finite set turbocharged with proper classes.

Definition 1.1. A set is finite iff it belongs to every class that contains () and
1s closed under adjunction.

“X is closed under adjunction” means (Vaz € X)(Vy)(z U {y} € X).

Remember that () is the empty set and 0 is the natural number zero, which

(in this setting) is {0}.

Definition [1.1] is stratified, though it does have a bound class variable. This
concept of finite set will support mathematical induction for any property whose
extension is a class: if the empty set is green, and x U {y} is green whenever x
is, then every finite set is green.

One of the things we can prove using this kind of induction is that

Lemma 1.2. If z is a finite set, and f a class of ordered pairs constituting a
function, then the restriction f|x of f to x is a set.

Proof:
We prove by induction on ‘z’ that Vf the restriction f[x of f to x is a set.
|

Next we want to declare IN as the collection of cardinals — equipollence
classes — of finite sets. But do we mean equipollence under set-bijection or class-
bijection? Lemma [1.2] says that these two are the same. However, people are
accustomed to defining IN as the intersection of all sets (classes?) containing 0



and closed under successor. We’d better check that this gives the same outcome.
0 is the singleton of the empty set; what about successor? The successor of a
natural number n is the cardinal number (equinumerosity class) of x U {y} for
any y € x € n. But class-equinumerosity and set-equinumerosity are the same,
so we have only the one notion of successor. So “IN is the intersection of all
classes of cardinals containing 0 and closed under successor” is unambiguous.
And IN is a set, because it is the extension of a stratified set abstract — albeit
one with a bound class variable.
It is possible to evade use of Lemma by defining the successor of n as

{z U{y} :y € © € n}, thereby not mentioning equinumerosity at all, but
I wish to cover all exits.

Then we execute three inductions.

e We prove by induction on the finite sets that the cardinal
number of a finite set is a natural number.

e We prove by mathematical induction on the natural numbers
that every natural number is the cardinal of a finite set.

e We prove by induction on the finite sets that every class of
natural numbers containing the cardinal of a finite set has a
least element.

This ties up all the loose ends satisfactorily. The permissive set existence
scheme has handed us a notion of natural number which supports mathematical
induction for all properties not merely those captured by stratified formulze.
This remedies the infelicity in NF where the natural numbers support induction
only for properties captured by stratified formulese.

As we will see in section [3| this enabling of unstratified induction by the
permissive set existence scheme extends to ordinals as well as natural numbers,
so ordinals support unstratified induction, and thereby enables us to prove the
Counting Principle (which of course is unstratified) and thence Burali-Forti.

To prepare the ground for that we first develop the theory of ordinals in a
context without any mention of classes — that is to say: in NF.
It may be worth noting that nowhere in [10], [I3] or [I1] does Quine discuss
ordinal arithmetic (though he does in [12] and in the — much later — [14]).

Von Neumann ordinals are discussed under the heading ‘counter sets’ in
([11] §45) but these are finite von Neumann ordinals only.

2 The Situation in NF

To wreck ourselves on the shores of Burali-Forti Island we need two things. We
need the collection of ordinals to be a set, and we need the counting principle
— first identified by Cantor — to the effect that, for any ordinal «, the ordinals
below a are not only wellordered (that much is a given, since it is no more than
the fact that given a family of wellorderings there is one that embeds in all the
others — which doesn’t mention ordinals at all) but wellordered to order type .



ZF and its kin have Cantor’s counting principle but manage to evade ship-
wreck by not having a set of all ordinals. NF does have a set of all ordinals
and evades Burali-Forti by not allowing Cantor’s counting principle. In ML the
situation is complicated, because there is more than one way of conceptualising
ordinals, and one way makes the collection of ordinals a set and some others
don’t. We start by analysing the situation in NF.

NF has only sets; it doesn’t have a second sort of classes, things that can’t
be members of anything. This makes life much easier

In NF ordinals are implemented as relational types (isomorphism classes)
of wellorderings. The property of being a relational type (isomorphism class)
of a wellordering is stratified and these objects are guaranteed to exist by the
axioms of NF. Further, the collection of relational types of wellorderings, too, is
defined by a stratified condition and is a set. We shall show below that its order
relation is a wellordering, and so supports transfinite induction for stratified
expressions.

2.1 Wellorderings support stratified induction

A wellordering is a total order (A, <4) with the property that every nonempty
A’ C A has a least element.
Now suppose we can prove

(1) (YY)[(Vz <a y)F(x)) = F(y)]
(you are a frog as long as everything below you is a frog). Then we infer

(ii) (Va € A)F(a).

This works because if (i) were true while (ii) were false the collection of
counterexamples would be a subset of A with no <4-minimal member.
Of course for this argument to work we need the collection of counterexamples
to be a set, and that is to be relied upon only when F' is a stratified predicate.

2.2 <yo is a wellordering

To get anywhere near the counting principle we will need the order relation
<no on ordinals to be a wellordering. First we need to be clear what the order
relation <yo on ordinals is. Do we say a <yo [ iff every wellordering of
order type « has an end-extension of order type 7 Or do we want to say that
a <yo P iff every wellordering of order type a can be injected in an order-
preserving way into any wellordering of order type 87 Interestingly these two
definitions are equivalent, and this fact follows from the observation that a total
ordering is a wellordering iff every subordering of it is isomorphic to an initial
segment]ﬂ We need this observation in the proof of remark

We define a wellordering <yo on ordinals by saying a <yo S if any
wellordering of order type « injects into any wellordering of order type 8.

6T do not know who first noticed this cute elementary fact. If you know the answer, Dear
Reader, please tell me.



Theorem 2.1. <yo s a wellordering.

Qg

g

(&%)
a3

Qy

Proof:

Let o be an ordinal. We will show that the ordinals below a are wellfounded.
(T omit the proof that they are a strict total ordering). The long arrow represents
a wellordering (A, <4) of length oo = . If (per impossibile) there is a family
{a; : i € I} of ordinals with no least member (and all of them < «) then, for
each i € I, (A, <4) has a (unique) proper initial segment of length «a;. (We
remark without proof that if & < § then any wellordering of length 8 has a
unique initial segment of length ). For ¢ € I let a; be the supremum of that
unique initial segment of (A4, <4) of length a;. Then {a; : i € I} is a subset of
A with no < 4-least member. [ ]

I have drawn the picture as if the index set I were IN and the sequence is
strictly descending. We don’t actually need this assumption but it does
make the picture easier to draw!

2.3 How NF evades Burali-Forti

The counting principle says that the order type of an initial segment of the
ordinals is the least ordinal not in it. Sounds fair enough .... How many
ordinals < 07 Well, 0 obviously. The order type of the ordinals below w?
Obviously w. But what now is the order type of all the ordinals? It must be
the first ordinal not in the set of all ordinals.

The assertion that the ordinals below « are of ordertype « is unstratified
and cannot be proved by induction.

It’s probably worth taking time to sketch how this assertion comes to be
unstratified. We are using Quine ordered pairs, which are type level: ‘z = (y, z)’



is stratified with all three variables bearing the same type. A wellordering is a
set of ordered pairs. So

R is a wellordering of the ordinals < «
is stratified with ‘R’ one type higher than ‘a’, and

B is the order type of the ordinals below « in their natural order
is stratified with ‘3’ two types higher than ‘a’. So

« is the order type of the ordinals below « in their natural order

is unstratified.

The reader might think that the fact that the Wiener-Kuratowski pair raises
types by two is essential to this proof, and that if we had a different implemen-
tation of pairing then the counting principle would be stratified. An easy back-
of-the-envelope calculation shows that for this to happen we would have to have
a pairing function that lowers types by one. Now there are many proofs that
there can be no such pairing. The simplest (which works only in NF) is this. If
there were such a pairing then the function x — {(z,z)} would be defined by a
stratified function and is a set. It also injects V into the set of singletons, and
this contradicts Cantor’s theorem for NF.

So we can’t prove the counting principle and we can’t deduce Burali-Forti.

This may well leave the reader feeling unstratified — I mean unsatisfied.
Very well (you may be thinking) the order type of ({7 : v <wyo a},<no)
isn’t literally « but it does have an intimate relation to a that should be
recognised and validated somehow . .. with a notation perhaps. This order

type is two levels higher than . We can always obtain from a wellorder-
ing (A, <a) a wellordering that is one level higher by the simple device

of taking singletons of everything in sight. If (A, <) is a wellordering
consider the wellordering whose domain is {{a} : a € A} (which, using
the iota symbol for the singleton function, we can write ¢“A) and decorate
it with {({a},{a’}) : (a,a’) € <a} — which we could write R* but which in
the NF literature is often (following Rosser) written ‘RUSC(R)’ (the ‘USC’
being an allusion to unit subclass). This is a sort of canonical construc-
tion of a wellordering of higher level. Then we say that the order type of

{v:v <wvo a},<wno) is T?w. Use of the letter ‘T’ for this purpose goes
back to Specker and is standard in the NF literature.

3 ML from NF

A wellordering is a collection of some stuff decorated by a binary relation. Is
the collection a set or a class? Is the binary relation a set of ordered pairs or
a class of ordered pairs? Is the wellfoundedness condition “every subset has
a least member” or “every subclass has a least member”? And what about
morphisms between them? Are they sets of pairs or classes of pairs? The
number of possibilities increases exponentially with the number of aspects one
considers.

10



Re: the first two bifurcations. .. We are going to take our wellorderings to
be decorated sets. Proper classes can’t be members of anything and you can’t
do much with them. Decorating a set with a class of ordered pairs (or a class
ordernesting) is liable to result in a structure that is a proper class and can’t
belong to anything. We will not be considering sets decorated with proper
classes of ordered pairs until subsection — after the Burali-Forti dust has
settled. We do not want to squander useful terminology such as set-wellorderings
vs class-wellorderings on a distinction that we aren’t going to use.

The third bifurcation is this: we will say that

Definition 3.1. A set of ordered pairs decorating a set X is a
set-wellordering iff every subset of X has a bottom element; it is a
class-wellordering iff every subclass of X has a bottom element.

Now that we are armed with the concept of class-wellordering we can
revisit the material on p.

e We can now express the fact that we have full mathematical induction
over IN by saying that (IN, <n) is a class-wellordering.

e We may also prove by mathematical induction that if x € n € IN then
z admits a class-wellordering.

e Similarly we can prove that any finite set (as in definition |1.1)) admits
a class-wellordering.

Fourth bifurcation

We need to consider both set-morphisms and class-morphisms.
This gives us four flavours of ordinal.

(i) Set-isomorphism—classes of set-wellorderings.

(ii) Set-isomorphism—classes of class-wellorderings.

(iii) Class-isomorphism—classes of set-wellorderings and
(iv) Class-isomorphism—classes of class-wellorderings.

(i) goes on entirely inside set theory. The ordinals of style (ii) are an initial
segment of the ordinals of style (i); this is because a substructure of a class-
wellordering is also a class-wellordering.

To understand (iii) and (iv) we need to understand embeddings and isomor-
phisms. Embeddings and isomorphisms are related by Cantor-Bernstein—style
theorems. Do we have a Cantor-Bernstein theorem for embeddings between
wellorderings? It depends on whether the embedding is a set or a class.

Remark 3.2.
Cantor-Bernstein holds for set-embeddings but not for class-embeddings.

Proof:

Cantor-Bernstein for set-embeddings holds in the strong sense that whenever
two injective morphisms f : (4, <4) — (B,<p) and g : (B, <p) — (A, <4) are
both sets then f-g=1pand g- f =14.

To prove this we appeal to the fact that if there is f : (A, <4) — (B, <p)
then there is an isomorphism between (A, <4) and a unique initial segment
of (B,<p). Similarly, if there is g : (B,<p) — (A,<4) then there is an

11



isomorphism between (B, <p) and a unique initial segment of (B, <g). Call
these two isomorphisms f’ and ¢’. Composing them makes (A4, < 4) isomorphic
to a unique initial segment of itself, which must of course be (A, <4). So f'- ¢’
is an automorphism of (A, <4). Now all wellorderings are rigid (were there to
be a nontrivial automorphism, think about the least thing moved by it) so the
only such automorphism is 1 4, so f'-¢’ = 14. Similarly ¢’ - f/ = 1. But then
both f’ and ¢’ are onto and so must be equal to f and g respectively. Finally
frg=1lgandg-f=14 follow from f'-¢ =14 and ¢’ - f' = 1p.

In contrast Cantor-Bernstein fails for class-embeddings as follows.

Consider the ordering of the (set)-equivalence classes (relational types) of
set-wellorderings (as in NF), and the ordering of the (set)-equivalence classes
(relational types) of set-wellorderings whose carrier sets are sets of singletons.
Put one extra point put on the end of this latter ordering to make it successor.

Now the singleton function ¢ (the function z — {z}) gives a class-embedding
from the first into the second. Any wellordering shorter than a wellordering of
a set of singletons is itself isomorphic to a wellordering of a set of singletons, so
the second is an initial segment of the first. Therefore the inclusion map is a
class-embedding (in fact a set-embedding). So there are class-embeddings both
ways, but there can be no class-isomorphism because one ordering is limit and
the other is successor.

|

We don’t need remark for our immediate project of deriving Burali-Forti
in the first edition of ML but it helps flesh out a complex picture.

Both (ii) and (iv) offer the possibility of a paradox. For any class-
wellordering, the collection of class wellorderings set-isomorphic to it and the
collection of class-wellorderings class-isomorphic to it are both sets according to
the permissive set-existence scheme of the first edition; and in both cases the
collection of such sets — too — is a set according to the permissive scheme. We
expect a contradiction in either case, but which one do we want? It turns out to
make no difference since — for any class-wellordering — the two sets mentioned
are the same.

This is because although class-embeddings do not behave like set-
embeddings, nevertheless class-isomorphisms do behave like set-isomorphisms.
We learn with relief of the following simplification. (It’s a kind of generalisation
of lemma and to a certain extent blunts the fourth bifurcation.)

Theorem 3.3.
If (A, <4) and (B,<p) are class-wellorderings then any class-isomorphism
(A, <a) +— (B, <p) is actually a set-isomorphism.

Proof:

We first recall — again — the standard fact that, given any two set-
wellorderings, one is set-isomorphic to a unique initial segment of the other.
And — since every class-wellordering is also a set-wellordering — we infer that
given any two class-wellorderings, one is set-isomorphic to a unique initial seg-
ment of the other.

12



Next we prove that every nonempty class of class-wellorderings contains a
member that embeds in all of them.

Now we are in a position to prove the theorem by induction. Suppose per
impossibile that there were a class-wellordering (A, <4) such that, for some
(B,<B), x : (A, <4) «— (B,<p) is a class isomorphism that is not a set
isomorphism, then let (A, <4) be such a wellordering minimal with respect to
embedding.

Now the restriction of x to any proper initial segment of (B, <p) must
be a set by minimality of (A, <4). Consider now the family of isomorphisms
between initial segments of (B, <p) and initial segments of (A, <4). Every
initial segment of the one is (uniquely!) isomorphic to an initial segment of the
other, and these isomorphisms are all sets — by minimality of (A, <4). So their
union is a set. But that union is y.

|
Nota Bene... theorem holds only for class-wellorderings
not for set-wellorderings. Nevertheless it does greatly simplify

manipulating/reasoning-about ordinals of class-wellorderings, since it tells
us that the two possible flavours of ordinals of class-wellorderings are one
and the same.

I do not know who first proved theorem I have never seen it spelled out
anywhere but then I haven’t looked very hard. I can imagine it was known
to Rosser. In [I5] ordinals are equivalence classes (of class-wellorderings)
under set-isomorphism. Under the permissive set existence scheme in
play at that time equivalence classes (of class-wellorderings) under class-
isomorphism would be sets too, but Rosser does not exploit this fact.

To derive Burali-Forti we need to know that the set of ordinals (class-
ordinals or set-ordinals — it makes no difference, as we have just seen) of class-
wellorderings is class-wellordered by the ordering relation induced by embed-
dings between wellorderings. This is proved by a simple modification of the
proof of theorem This means we can prove unstratified assertions by induc-
tion on it. The obvious unstratified assertion to prove is the counting principle.

We will derive Burali-Forti for ordinals of class-wellorderings. These ordinals
are relational types of class-wellorderings under either class-isomorphism or set-
isomorphism — by theorem it makes no difference. The property of being
such a relational type is stratified but contains a bound class variable. (This
variable is not the variable ranging over bijections but the variable ranging over
subclasses of the carrier sets.) Thus the extension of this property is a set
according to the first edition [I0] altho’ not the second edition [11].

We want to know that the order relation on the class-ordinals is wellfounded,
in the strong sense of every nonempty subclass having a least member. This
follows by a simple modification of theorem [2.1]

Consider the one-place formula

(Va € NO)({order-type({8 : 8 < a},<no)) = a).

Write this C(a) (the ‘C” is intended to recall ‘counting’ - (Vo € NO)C(«)
is the counting principle on which Burali-Forti relies). It should be clear that
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if it holds for all 8 <yo « then it holds for a. Since (NO,<yo) is a class-
wellordering it supports transfinite induction for all formulze.

Thus we infer the counting principle on which Burali-Forti relies.

The wellordering (NO, <no) has an ordinal, which NFistes nowadays call
Q. We know C(£2) because of the Counting Principle (VYoo € NO)C(«). So the
initial segment of ordinals below €2 is of order type €2, which is to say that it is
orderisomorphic to (NO, <yo). This is impossible.

|

3.1 So we don’t get Burali-Forti in the second edition

Look again at p. In ML (the consistent, second-edition version in [I1]) there
are two concepts of ordinal: relational types of set-wellorderings and relational
types of class-wellorderings.

e The collection of relational types of set-wellorderings under set-
isomorphism is a set — a wellorderable set indeed — but the wellordering that
decorates it is not a class wellordering and does not support enough transfinite
induction to prove the counting principle, so we avoid paradox.

e The collection of relational types of set-wellorderings under class-
isomorphism is not a set. This is despite “z is the relational type of a set
wellordering under class-isomorphism” being stratified; the problem is that the
bound class variable occasioned by ‘class-isomorphism’ blocks the comprehen-
sion axiom.

e The collection of relational types of class-wellorderings — whether by set-
isomorphisms or class-isomorphism (By theorem with class-wellorderings —
though not set-wellorderings — it makes no difference whether we consider set-
isomorphism or class-isomorphism) is not a set, though it does exist as a proper
class. (Although the aet abstract that would capture it is stratified, it does have
bound class variables and therefore is not a set according to [I1])

4 Summary

Set-wellorderings

The isomorphism classes (ordinals) could be with respect to either class-
bijections/isomorphisms or with respect to set-bijections/isomorphisms.

In the first case each ordinal is a set and the collection of all of them is a
set. However the ordering on them does not support unstratified induction and
the counting principle fails so we do not get paradox.

In the second case the ordinals are not sets. So a fortiori we don’t get a set
of all ordinals, and — accordingly — no paradox.

Class-wellorderings

As before the isomorphism classes (ordinals) could be with respect to either
class-bijections/isomorphisms or with respect to set-bijections/isomorphisms.
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Conveniently we have theorem that says that any class-isomorphism
between two class-wellorderings is actually a set-isomorphism. Certainly, for
any class-wellordering, the collection of things set-isomorphic to it (its ordinal)
is a set, but by theorem [3.3] this collection is the same as the class of things
class-isomorphic to it. So either way the “ordinal” is a set. Whether or not we
then get paradox will depend on whether or not the collection of such ordinals is
a set. (We will need the counting principle too of course, but in this case it holds
— the ordering on ordinals of class-wellorderings is itself a class-wellordering).
Now the (formula capturing the) property of being such an isomorphism class
is stratified but has bound class variables, so although the existence of the
collection of the collection of ismorphism type as a class is assured, whether or
not it is a set depends on whether or not we are using the permissive version of
set comprehension. If we are using the permissive version then it is a set. And

we get the counting principle. So we get paradox. 2
If we are using the non-permissive second-edition version then the collection
of such ordinals is not a set and we have nothing to fear.

Very well, so how do we do ordinal arithmetic in ML?

We first have to decide whether we are going to study the ordinals of set-
wellorderings or of class-wellorderings. This is easy: if were interested in
set-wellorderings we could stick to NF. It is only ML that gives us the op-
tion of studying class-wellorderings. And we definitely want to study class-
wellorderings co’s they are the best handle we have on genuine (second-order)
wellorderings. Do we take our ordinals to be isomorphism classes under class-
isomorphism or set-isomorphism? Conveniently by theorem [3.3] these two turn
out to be the same, and the set-isomorphism class of a wellordering (even a
class-wellordering) is a set. So these ordinals are all sets. However the formula
capturing the property of being such an ordinal (altho’ stratified) contains a
bound class variable, so the collection of such ordinals is not a set. Sound famil-
iar? Well yes, this is the situation in ZF(C) where ordinals (be they Scott’s-trick
or von Neumann) are sets but the collection of them is not.

It’s worth noting that we do not get an axiom of infinity for these class-
ordinals. Suppose we had an infinite class-wellordering. Then we certainly have
one of length w, call it (N, <). We can prove by induction on (NN, <) that all
its proper initial segments are strongly cantorian. Since (N, <) is of order type
w every finite subset of IV is included in a proper initial segment so every finite
subset of NV is strongly cantorian. We can also prove that any set inductively-
finite in the NF sense (i.e.. not in terms of definition is the same size
as a finite subset of N. So every (NF-)finite set is strongly cantorian. So: if
we could prove in ML that there were an infinite class-wellordering then we
would be able to prove that every (NF-)finite set is strongly cantorian. Now
this assertion is in the language of NF (no classes) and — as we remarked on p.
— ML is an extension of NF conservative for this language (any model of NF
can be end-extended to a model of ML with the same sets) so it would follow
that NF proves that every finite set is strongly cantorian. But it is known by
work of Orey [8] that NF proves no such thing.
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This situation has echoes of the state of affairs back home in NF. NF
proves the axiom of infinity — that there is an infinite set — but it doesn’t
prove that there is an infinite strongly cantorian set (which is as close to
“every natural number is standard” as we can get in the language of NF);
we don’t know if NF proves that there is an infinite wellfounded set, nor
do we know if this last assertion is strong. The inability of ML to prove
that there is an infinite class-wellordering is all of a piece with this.

In [I2] Quine writes as if every ML class-ordinal contains (the membership
relation restricted to) a von Neumann ordinal, in that he takes ordinals to be
von Neumann ordinals. However this cannot be relied upon. It might look
as if we can prove by induction on class ordinals that every one contains (the
membership relation on) a von Neumann ordinal but — altho’ the induction
works at successor ordinals — there seems to be no way of getting it to work at
limit ordinals. In particular it would mean that if the true w existed then the
von Neumann ordinal w would exist too. Now this assertion: “the von Neumann
ordinal w exists” is — like “every finite set is strongly cantorian” — an expression
in the language of NF. Now it can be shown that the existence of the von
Neumann ordinal w doesn’t follow in NF — even from the assertion that every
finite set is strongly cantorian — so we cannot be sure that any model of ML
containing an infinite class-ordinal also contains the von Neumann ordinal w,
and a fortiori we cannot expect to prove in ML that every class-ordinal contains
(the membership relation restricted to) a von Neumann ordinal. So, although
it is natural to expect to be able to — so to speak — port the apparatus of von
Neumann ordinals to ML where they can be ordinals for true wellorderings, it
doesn’t just happen by itself: special provision has to be made.

5 Miscellanea

5.1 Wellorderings whose graphs are proper classes

We announced at the outset that we would not discuss wellordering relations
that are proper classes. It might nevertheless be an idea to say a bit even if
merely to round out the picture.

There is nothing to exclude the possibility of a proper class of ordered pairs
that wellorders the universe. Skolem-Lowenheim tells us there are countable
models of NF, and from any such model one can obtain a model of ML where
the universe is wellordered and the ordering will be a class of the model. This is
essentially the reasoning used by Wang in [20] to show that the consistency of
second-edition ML follows very easily from the consistency of NF. I am grateful
to Allen Hazen for pointing out to me the fact that Quine distinguishes between
two ways in which a class theory can be related to a set theory: it might be an
extension or an expansion: in his terminology second-edition ML is an ezpansion
of NF; GB is an extension of ZF, the difference being that in an expansion
the set theoretic existence axioms are not allowed to allude to proper classes
whereas in extensions they are — our set existence axioms are impredicative,
to use a notation we introduced earlier. Proving the relative consistency of an
expansion is a trivial exercise — extensions not so. The reader may need to be
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warned that Quine’s use of these two words bears no relation to their familiar
use in Model Theory. Quine generally has remarkably little to say about Model
Theory; he never writes about anything beyond the completeness theorem for
first-order logic. For example his reaction to Jensen’s proof in [5] steers well
clear of the Model Theory therein.)

5.2 Further Reading

This document has a fairly restricted remit: to tell the story of the advent of the
Burali-Forti paradox in the first edition. (One has to draw the line somewhere!)
Readers who are up for further reading might like to peruse [3] where Holmes
paints a wider picture, and in particular analyses some actual errors in the
second edition which have hitherto escaped notice.

6 Allowing Bound Class Variables into Frag-
ments of NF

This section is aimed at NF-inclined readers who are interested not only
in the history but also the possibilies of permissive set existence schemes
in fragments of NF.

We need some definitions.

j(f) is the function x — f“x. A (possibly external) permutation o of a set
X is setlike if, for all n, j™(o) is defined and is a permutation of P™(X).

NF; is extensionality plus existence of {x : ®} with @ stratifiable using only
two levels; NFO is extensionality plus existence of {z : ®} with ® stratifiable
and quantifier free. It is in fact NFy plus existence of {y : z € y}.

Given any fragment of NF we can ask what happens to its consistency if
we adjoin class existence axioms and then relax the stratification constraint
in its set existence scheme by allowing the quantifiers in any instance of its
comprehension scheme to range over class variables. This of course is what
Quine did in the first edition of ML, and there it results in paradox because
it creates the set of all ordinls of genuine wellorderings. It’s worth asking how
sensitive this danger is to context: if we augment a set theory weaker than NF
in this way do we still get paradox? This is the topic for this current section.

Let us say that an expression is class-stratified if it contains class variables
but all its variables can be given a type in a stratification. First-edition ML has
set-existence for class-stratified expressions (this was what we call permissive
set existence) and second-edition ML does not.

It may be worth noting that class-stratified expressions are preserved by
setlike permutations. Bear in mind that this operation of augmentsing a set
theory by adding classes in this permissive way is in each case performed on an
axiomatisation of a theory, not on the set of its theorems. So the fact that this
relaxation has no effect on — for example — NFO (the comprehension axioms of
NFO have no bound variables inside the eigenformula) does not by itself ensure
that the relaxation will have no effect on NF5, even though NF is a fragment of
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NFO ...though it does mean that the permissive version of NF5 is a fragment
of NFO.

NFU

Whereas modifying NF to NFU by allowing urelemente dramatically weakens
the theory, the same move made in the context of the first (inconsistent) version
of ML has no such effect: First-edition ML with urelemente remains stubbornly
inconsistent.

NF,

In contrast it seems clear that allowing bound class variables into NFy does not
endanger consistency: the new theory is a conservative extension of the old.

NF3

What happens with NF3?7 Let’s call the augmented system MLs. A quick check
confirms that definition [I.1]succeeds in ML3, since ‘finite(x)’ is stratifiable using
the three types 0, 1 and 2, and ‘z’ is at level 1 (and the solitary bound class
variable is at level 2), so the formula asserting the existence of the set of finite
sets has three levels, and is therefore an axiom of ML3. This is the definition of
‘finite” we use in this section. Then we use the Pabion/Boffa definition (fronﬂ
[9]) of equinumerosity for finite sets: x and y are equinumerous iff there is a
partition IP into pairs of their symmetric difference = XOR y such that every
pair p € IP meets both « \ y and y \ . Then one can prove by induction that
any finite set = is equinumerous with ¢“z (which is the set {{y} : y € z}) in
that sense. We say such an z is cantorian.

Remark 6.1. (MLs)
The universe is not finite

Proof:

We first prove by induction that every finite set z is cantorian (in the sense
of being Boffa-bijective with ¢“z). Then we observe that V' is not Boffa-bijective
with (“V.

The base case is easy.

For the induction suppose IP is a partition of X XOR :“X such that every
pair p € IP meets both X \ t“X and (“X \ X.

Suppose # ¢ X. (If x € X there is nothing to prove). We seek a partition IP’
of (XU{z}) XOR +“(X U{z}) into pairs such that every pair p € I’ meets both
(Xu{zh)\ ‘X U{a}) and t“(X U{z})\ (X U{z}). By induction hypothesis
there is a partition IP such that every pair p € IP meets both X \ ¢“X and
L“X\ X.

If {z} € X U{x} then we can take IP’ to be IP, since z and {z} both belong
to the intersection (X U {z}) N¢“(X U {z}).

7[9) is a good thing to read if one is interested in clarifying the status of MLs.
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On the other hand if {z} ¢ X U {x} then z € (X U {x}) \ (X U{z}) and
{z} € (X U{a})\ (X U{a}) so the partition we want is IP U {{z, {z}}}.
Finally, since V is not equinumerous with ¢“V in that sense, we conclude
that V is not finite.
|

Remark invites some brief comments.

e In the service of the cause of reassuring suspicious readers it may be worth
spelling out why this induction succeeds. The set of finite sets is the
intersection of all classes X such that X contains () and is closed under
adjunction. One such class is the class (and it is a proper class) of cantorian
sets. Therefore every finite set is cantorian. Even without the sethood of
the collection of finite sets the induction is up and raring to go, since ) is
cantorian and whenever z is cantorian so is « U {y}. However we cannot
actually perform the induction unless the class of finite sets is a set. MLg3
proves the allegation that it is a set, while NF3 cannot even express it.

e Remark isn’t enough to literally prove the Axiom of Infinity and
thereby implement PA because there is no definition of IN within three
levels for us to exploit. In fact it doesn’t even show that the extension we
obtain is not conservative for the language of pure sets, because the sense
of ‘finite’ in which we can prove that V' is not finite is not expressible in
the language of pure sets.

e It may be worth noting that the induction is unstratified, which is why we
need to use sets that are finite in the sense of definition that exploits
classes. Were we to attempt to prove the (stratified) induction that every
(set-) finite set is the same size as a set of singletons we would find ourselves
unable to perform the induction step. This is not to be wondered at,
because NF3 does not prove the axiom of infinity.

7 Afterword

How harshly should we judge Quine for this oversight? Did he perhaps mis-
understand Burali-Forti? It is probably fair to say that the dangers attendant
upon defining wellorderings using bound class variables would have been evident
to anyone who properly understood the Burali-Forti paradox . ..as long as they
weren’t distracted. But was he distracted? In his enthusiasm for using the per-
missive set-existence scheme of [10] to deliver the axiom of infinity did he take
his eye off the ball? This is the explanation I prefer. But, even if we decide that
he didn’t properly understand Burali-Forti, then in fairness one should say that
neither did anyone else ... then and (one could further add) precious few people
really understand it even nowﬂ Once you have a work-around for a problem,

81 like to think that [I] might be found helpful.

19



you tend to forget that you ever had a problem in the first place. And most peo-
ple do have a work-around. Most (though by no means all) people with a serious
interest in ordinals are engaged in Set Theory, and are working specifically in
ZF or extensions thereof. In these theories every wellordering is isomorphic to
the membership relation on a von Neumann ordinal, so that the class of ordinals
can be identified with the class of von Neumann ordinals: indeed lots of such
people think that ordinals just are von Neumann ordinals. Thus the tidying
project to show that On is not a set gets diverted into the project of showing
that the collection of von Neumann ordinals is a proper class. Now the von Neu-
mann ordinals happen to be precisely the (wellfounded) hereditarily transitive
sets, and the class of (wellfounded) hereditarily transitive sets is a paradoxical
object in its own right. (Think of it as the C-least fixed point for  — set of
transitive subsets of x: then it both is and is not a member of itself). So — right
there — you have a proof that (the thing which you believe to be) On is not
a set — and you’ve managed to do it without reasoning about ordinals at all.
Again, every transitive set of von Neumann ordinals is a von Neumann ordinal,
so if the collection of all von Neumann ordinals were a set it would have to be a
member of itself, and this contradicts the axiom of foundation. There are even
textbooks (naming no names) that offer up this observation as a proof that On
is not a set, when of course it’s nothing of the sort. It doesn’t prove that the
collection of ordinals cannot be a set, all it does is prove that if you implement
ordinals in this particular way then the collection of them is not a set. But if
you are a set-theoretic foundationalist that probably looks good enough.
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