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NF is the system of set theory of Rosser's Logic for
Mathematicians, excluding the Axioms 14 ("Counting") and 15
("Denumerable Choice"), usually known as “New Foundations,"
For ordinals 6 in NF, we write %C(@)" for "the initial

segment of ordinals less than 0 has ordinal 6."

It has previously been shown that the GB8del construc-
tion of constructible sets can be modeled in the ordinals

of NF, If the resulting relation is restricted to those

ordinals for which C(6) holds, a relative interpretation
in NF of a weakened form of Zermelo set theory is obtained

(namely, in which the Axiom of Subsets is weakened to require
that the defining formula contain onlysquantifiers which are

bounded by sets). In two natural extensions of NF this

relation determines a relative interpretation of the full

Zermelo-Fraenkel set theory (including the Axioms of Choice

and Constructibility). One extension 1s obtained by adding

the statement interpreted as "every Cantorlan, well-ordered
set has only Cantorian subsets." (A set x is "Cantorian" if

it has the same cardinality as USC(x).) The second extension

of NF is obtained by adding all statements of the form |

"t1 &lt; t2 .&amp;. C(tp). ==&gt; C(t)", and all statements expressing
“the ordering of the initial segment of ordinals less than tg

has ordinal at most t" for every:npalr of constant, strat-
ified terms t,,t5.

The proofs depend on &amp; close examination of certain

symmetries relative to the operation of passing from an
ordinal No(R) to No(RUSC(R)). Using the same method of

proof one can prove in NF that (1) no well-ordered set has

the same cardinality as its subset class, and (ii) the

cardinal of NO is not less than the cardinal of its subset

class. (NO denotes the set of ordinals in NF.)



Using a model-theoretic argument based on a technique

of E. Specker one can show that 1f NF 1s consistent then

(1) the Counting Axiom is not a theorem of NF, nor of any

consistent extension of NF by stratified sentences, and
(11) it is consistent with NF to assume the existence of

a finite set x such that the cardinal of x is less than the

cardinal of USC(x). If follows from these results that if
NF is consistent then 1t does not provide for every schema
of induction over Nn.
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Introduction:

In this paper we consider the system of set theory

presented in Rosser's Logic for Mathematicians (excluding

Axioms 14 and 15). [All references to this text will be

in the form [R, p.--].] This system is a slight variant

of the one introducedbyQuinein [18] and is usually known

as "New Foundations" (NF). The underlying system of logic

1s a system of first order predicate calculus (with identity)

and the only non-logical symbol is a binary predicate

symbol E. [In addition to the equality symbol, the logical

symbols consist of parentheses, brackets, a list of variables,

and symbols for negation (1) and disjunction (v). In addi-

tion we use '(dx)' as the symbol for the existential quan-

tifier. In terms of the above, symbols for the universal

quantifier '(x)', conjunction (&amp;), conditional (==&gt;) and

biconditibtnal (&lt;==&gt;) are introduced by definition.] The

additional axioms of NF are: (i) the axiom of extensionality

(x)(y)[(z)(z Ex &lt;=&gt; 2 E §) =&gt; x = y]

and (11) the axiom schema of comprehension

(dy) (x) [x € y &lt;=&gt; P]

whenever P 1s a stratified forhula which does not contain y.

[For a precise definition of the concept of stratifieation

see [R, p.209f].] We adopt the notation of [R], and thus

introduce notation for descriptive terms. In particular

this allows for the use of terms of class abstraction. For

any formula @ (in the language of NF) we use the symbol

 #4 to mean "@ is a theorem of NE" For any theory S

which is an extension of NF we will write | t— 2



to mean "the formula @ is a theorem of S." Familiarity

with the results of [R] is assumed throughout the present

work.

In [13] Specker introduced the term T(n) defined by

(n) =5; §x] (35)[y € n &amp; USC(y) sm x (1)

and used the fact that the ordering &lt;, of cardinal numbers

possesses certain symmetries relative to T(n) in showing

that the Axiom of Cholce is refutable in NF. We define the

term x¥* by the analogous definition

x* =. $R|(3S)(S € x &amp; R smor Rusc(s)13.

Our main interest in (2) is in the case where x is an

ordinal, and we introduce a list of speclal varlables

0,8,0,0,,80shgy.+ (le. lower case Greek letters with or

without subscripts) which are restricted to represent

elements of NO. The flrst two sections of this paper are

devoted to showing that the ordering &lt; of the set of

ordinals possesses certain important symmetries relative

to the operation of passing from an ordinal © to the ordinal

o%*, The course of this paper ls essentially an exposition

of such symmetries and their applications.

The main application of this techmique is in giving

relative interpretations of some standard systems of set

theory in NF and two of its natural extensions. [To give

a relative interpretation of a system of set theory S in sa

theory T is to give two formulas D(x) and E(x,y) in the

lancuagze of T (each having the free variables exhibited)

such that if any formula in the language of S is translated



by replacing every atomlc formula x € y DY E(x,y) and

relativizing quantifiers by D(x), then the axioms of S

pass to theorems of T.] In doing this we make use of the

modeling of the GB8del construction of constructible sets in

the set of ordinals of NF which was carried out by Orey in

[7]. By showing that the relation E(x,y) defined by that

process has a symmetry relative totthe *-operation, we

obtain (in Section 3) a relative interpretatlon in NF of =a

set theory Bg, which is a weakened form of Zermelo set

theory. [B, consists of the Axioms of Extensionallty,

Foundation, Power set, Pairing, Union, and Infinity, and

the Axiom of Subsets when the defining formula is required

to contain only quantifiers which are relativized to some

set, Zermelo set theory (Z) consists of B, plus the full

Axiom of Subsets.)

In Section 2 we introduce an extenslon NF, of NF

obtained by adding as an additional axiom the statement

expressing "every Cantorian, well-ordered set has only

Cantorian subsets." In Section 3 we show that in NF, the

above technique provides a relative interpretation for the

Zermelo-Fraenkel system of set theory (Z-F), which consists

of Z plus the Axioms of Replacement. In Section 4 we

introduce a second extension of NF, NF, for ‘which the same

is true. The additional axioms of NF, similarly express a

certain regularity among ordinals relative to the operations

6 —0% and n—&gt; T(n), and have the @pparent) advantage
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that all are stratified sentences. [Of course the additional

axiom of NF, 1s not stratified.]

In Section 5 we apply some results obtained in the

course of earlier work to the generalization of some results

of [13] concerning the ordering &lt;c of cardinals. Also it

1s shown that in both NF4 and NF, the set of cardinals of

well-ordered sets has cardinality at least as great as that

of USC(NO).

In Section 6 we use a model-theoretic argument to

settle some questions of relative consistency for NF and

its extensions. In particular, it is shown that 1f NF is

consistent then neither the Counting Axiom (Axiom 14 of [R])

nor the sentence

(n)[n € Nn ==&gt; T(n) &lt;, nl

are theorems of NF (nor in fact of any consistent extension

of NF by only stratified sentences). Thus in particular the

full system of [R] is a non-trivial extension of NF (unless

of course NF is already inconsistent). Moreover, this result

shows that if NF is consistent then it does not provide for

every schema of induction over Nn.
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Section 1:

lol

lea

Definition: &amp;% =,. iE | (35)(S € 8 &amp; R smor rUsC(s)f.

Lemma: (1) | BR € Word

(11) b+ o&amp;* € No.

==&gt; No(R)¥* = Nol(RUSC(R))

Proof: (i) By 1.1, and the fact that the a:

condition of 6% 1s stratified, we have

S € No(R)#* &lt;=&gt; (33')(S' € No(R) &amp; S smor RUSC(S')).

S € No(R)* &lt;==&gt; S smor RUSC(R)

S € No(R)* &lt;=&gt; 3 € No(RUSC(R)).

(11) Since 6 € NO, there 1s an R € Word with

No(R); then &amp;% = No(RUSC(R)) € NO by [R, p. 338].

Thus '6%' is a stratified term (assigned one higher

type than 6) and takes on as values only elements of NO.

In the remainder of this section we prove some elementary

results which follow from results proved in [R], and which

are essential in later work. In general, they can be

viewed as showing that the operation of passing from &amp; to

8% (which is not a function in NF) preserves order, is

1-1 and maps onto an initial segment of NO, and under which

certain important properties are invariant.
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l.3. Lemma: (1) - 8 = 0 &lt;=&gt; 6% = o%

(11) | 86 &lt; 8 &lt;=&gt; 6% &lt; 0%

(111) | 6 &lt; 6 &lt;=&gt; 6% &lt; 0%

Proof: (1) Using (R, p. 457], and 1.2, we see that

If R,S &amp; Word

No(R) = No(S) &lt;==&gt; No(RUSC(R)) = No(RUSC(S))

&lt;==&gt; No(R)* = No(S)*.

(i1) For R,S € Word, we have:

No(R) &lt; No(8) &lt;=&gt; (3x)(R smor seg,S) (BR, p. 471]

&lt;=&gt; (3x)(RUSC(R) smor RUSC(segy3)) (BR, p.457]

&lt;=&gt; (4x) (RUSC(R) smor seg 5,3 RUSC(8)) [R, p. 338]

&lt;==&gt; No(RUSC(R)) &lt; No(RUSC(S))

&lt;=&gt; No(R)* &lt; No(3)*, by 1.2.

(111) Follows from (1) and (11), since

Leto

A 10&lt;=&gt;6&lt;0Vs=H %

Lemma: |= 6 2 0% &lt;=&gt; (356,)(8; &lt;9 « 0 =
A

3,%)

Proof: If &amp; = 64% and 6, = 0, then by 1.2: ©&amp; : 6

Conversely, if 6 &lt; 0%, and 6 = No(R), © = No(S),

then by 1.1, No(R) &lt; No(RUSC(S)). If &amp; = é#, then

© &lt; 8 and 8 = 6% so the conclusion holds. Thus we may

suppose that

No(.1) &lt; No(RUSC(S)).
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But then by [R, p.471], BR smor seg, RUSC(S) for

some x € AV(RUSC(S)). Then since,

AV(RUSC(S)) = USC (AV(S)) vy [R, p.302]

nave X = ivt, for some y € AV(S). But then

R smor (seg ¢ ,RUSC(3)) = RUSC (seg S)

by [R, p.338]. Hence No(R) = No(RUSC(seg,S)) = No(seg,S)*.

Then, since No(seg_S) &lt; No(s), [R, p.471], we are done.

In the following, we c

and A &lt; NOXNO,

“ine A+# ror gets A = NC

[We use the same *-notation for convenience, and make clear

when the context does not, whether the domain of the

variable is to be NO, SC(NO) or SC(NOXNO).]

1e9e Definition:

(1) for A S NO, A%* =a fox | 6 e a}

(11) for R S NOXNO, R* =4f fo, 0%&gt; | xH,0&gt; € RY.

Each term is stratified, and has type one higher than

its argument.

LeU Lemma }

(1) b A SNO =&gt; [6€ A* &lt;=&gt; (10)(6 = 6% &amp; 0 € A)]

(11) b+ BR &lt; NOXNO =&gt;

[&lt;6,0&gt; € R* &lt;=&gt; (35,)(30,)(6 = ::“Rg Ty



]
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Proof: Both follow trivially from the fact that the

tern

Lala

&lt;§#,0%&gt; and the defining conditions are stratified.

Lemma %

(1) + (4,B. NO) =&gt; (A = B &lt;=&gt; A* = B¥%)

(11) | (A,B © NO) =&gt; (A € B &lt;=&gt; A* &lt; B¥)

(111) + (BR,S &amp; NOXNO) =&gt; (R = S &lt;==&gt; R#* = S¥)

(iv) | (R,S © NOXNO) ==&gt; (R © S &lt;=&gt; R* &amp; S*)

1.6.

Proof: The proofs all follow directly from 1.3.1 and

We prove (1) as an example:

If A = 1B, then

b &amp; A%¥ &lt;=&gt; (J0)(6 = 0% &amp; 06 € A)

&lt;=&gt; (38)(6 = 0% &amp; © &amp; B)

&lt;=&gt; H &amp; R¥

SO A¥* = B¥*,

If A%* = B¥*_ then

A = »Z Jm— OF EE AW &lt;=&gt; H¥* €&amp; R¥* &lt;=&gt;§€B.

30 A = B.

LeBo Lemma.¢

(1) + A SNO* &lt;=&gt; (3IB)(A=B*&amp;B©NO).

(11) FF BR ES NO*XNO#* &lt;=&gt; (Jd3)(S &amp; NOXNO &amp; R = S¥%*)

Proof: (1) If A = B* « B &amp; NO, then by 1.7.11,

* &lt; ¥* &lt; RB¥* = NO¥, or A &lt;= NO



y ! ft

If A SNO*, let B = 56] 6% € a§ ;

then B &amp; NO, and

5 € B* &lt;==&gt; (30)(8 = 0% &amp; 6 €B)

&lt;=&gt; (30)(6 = 8% &amp; 0% € A)

by 1.6.1.

&lt;=&gt; § € A,

sO A = Bi¥#*,

 J] 7

(11) is proved similarly %

Lemma :

- (R © NOxNO) ==&gt; [(Arg(R*) = (Arg(R))*)

(Val(R*) = Val(R)*) &amp; (AV(R*) = AV(R)*)].

Proof: The proofs of the three conclusions are simllar,

so we prove only the first.

6 € Arg(R*) &lt;=&gt; (30)(&lt;6,90&gt; € R¥*)

&lt;=&gt; (30)(35,)(30,)(6 = 8,* &amp; 0 =

&lt;=&gt; (467)(6 = 5.% &amp; 5, € Arg(R))

&lt;=&gt; § €&amp; (Arg(R))*,

I* &amp; &lt;81,0,&gt; € R)

using 1.6. Thus Argz(R*) = (Arg(R))*.

La 1Ua Lemma :

(1) + BR &amp; NOXNO =&gt; [R € Funct &lt;==&gt; R¥* € Funct]

(11) + R &amp; NOXNO ==&gt; [R € 1-1 &lt;=&gt; R¥ € 1-1].

Proof: (i) Suppose R € Funct, and 5 € Arg(R¥*),

Then, by 1.9 &amp; = 6;% for some §8, € Arg(R). If &lt;§,6&gt;
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and &lt;8,A&gt; are in R*, then 0,\ € Val(R*), so that 0 = 6*

and A = A1* for some 0y,k € val(rR) (1.9). But then,

&lt;6,,0,&gt; and &lt;&amp;;,A;&gt; are elements of R, (by 1.5), so

that 67 = A, or 6 = Xx (by 1.3). Therefore R¥* € Funct.

Conversely, if R¥* € Funct, and &lt;§,0&gt;,&lt;6,A\&gt; € R, then

CO,0¥&gt;HKA#&gt;€R¥;thus60%=A#,and © = ix (by 1.3).

Hence R € Funct as well,

and

L ».1loe

(11) Follows from (1) upon noting tha:

R £ 1-1 &lt;=&gt; (R &amp;€ Funct &amp; Conv(R) € Funct). ([R, p.324]

that evidently Conv(R¥*) = Conv 1) k

emma, : I [R &amp; NOXNO &amp; R € Funct] =&gt;

[6%€Arg(R#*) ==&gt; R¥*(6%) = R(8)%*]

Proof: This is simply a restatement of 1.6.11 in

light of 1.10.

|. i2.

i a Je

Definition:

lemma: | [AS NO &amp; (39)(8)(6€ A =&gt;6&lt;190)] =&gt;

[JubA &amp;€ NO &amp; (8)(86 € A ==&gt; &amp; &lt; luba)

&amp; (0)((8)(8 € A =&gt; 6 &lt; 0) =&gt; lubA &lt; 0)].

Proof: Suppose the assumptions hold and set

 . oe) (8)(8 € A =&gt; § « vt
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Then B # A, and hence 1lubA € NO. Moreover, the last two

conclusions follow since 1l1lubA € B.

1.4 Lemma :

(1) FF 4 &lt; NO =&gt; [min (A¥) = (mincA)*]

(11) b A € NO =&gt; [max_(A*) = (max A)*]

(111) b [A S NO &amp; lubA € NO] =&gt; [1lub(A*) = (1lubA)*].

Proof: (1) If &amp; = ming (4%), then 6 = 6%

® € A (by 1.6). Moreover, if 0,€ A, then 38 &lt; 0%

(since 0.* € A*), or © &lt; 8. Thus 6 = min A, and

(min A)* = 0% = min_(A¥*).

(11) If there 1s a &lt;-maximum 6 € A*, then 6 = 0%

for some © € A. Again, if 04 € A, then 0% € A* go that

0,%¥ &lt; 0%. That is 0, &lt; 0; hence 0 = max A, Otherwlse, if

ma. Xe (A%) = A (le., if A* has no maximum) - 0 € A, (so

that 6% € A%*) then there is a 6 € A* with 6% &lt; 8, But

then 5 = 6% for some 5, € A, and 98 &lt; 6, Thus mav A

as well (and A%* = A).

(111i) Suppose 1ubA € NO, so that

&amp; € A =&gt; § &lt; lubh

But then 6 € A¥ implies &amp; = 0%, for some © € A, which

in turn implies 6 &lt; (lubA)*, Thus 1lub(A*) &lt; (lubA)*.

Moreover, if 6 &lt; (lubA)#*, then © = 0,%, for some 9,

(py 1.4) with 6; &lt; lubA. But then (by 1.13) there is a

—

—— £



a

f

5 € A with 65 &lt; 6, and hence a 6% € A¥ with © = 0,% &lt; 6%

Thus (lubA)* &lt; lub(A*) and hence (lubA)* = lub(A¥*).

1 » 7s Lemma: (1) + 616 &lt; of =36]6&lt; ot

(11) + (seg,&lt;)= (seg )*.

Proof: (1) is just a restatement of 1.3 and 1.4.

(11) (&lt;8,,6,&gt; € seg yl) &lt;=&gt; (89 &lt; 86, &lt; 0%) by definition.

Thus (by 1.3, 1.4)

&lt;81,08,&gt; € segy,&lt;

&lt;z==&gt; (3) (I) (hg Shp &lt;0 &amp; A* = 8) &amp; A ¥ = 8)

&lt;=&gt; &lt;8,,8,&gt; € (seg,&lt;)*. (by 1.6)

1.16, Lemma:

— A,B &amp; NO ==&gt; [A* sm, B¥ &lt;=&gt; (dt) (A sm. B &amp; s = ti)]

Proof: (1) If A sm 1B, then A = Arg(t), B = Val(t)

and t € 1-1. Then, by 1.9 and 1.10 (since t &amp; AXB &lt;= NOXNO)

Arg(t*) = A%, Val(t*) = B*, and ¢t* € 1-1; that is A#* sm, B¥

(11) If Ax sm B*, (so that s &amp; A¥xB* and hence

8 &lt; NO*¥XNO*) then there is a t &lt; NOXNO such that t¥* = s

(by 1.8). Also, A¥* = Arg(s), B¥ = Val(s) and s € 1-1,

so that by 1.9 and 1.10, A = Arg(t), B = val(t), and t € 1-1;

that 1s, A sm; B.,
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1.17. Lemma: | R,S S NOXNO ==&gt;

(R* smor, S* &lt;=&gt; (dt)(s = t* &amp; R smor, S))

Proof: (i) If R smor S, then AV(R) sm, AV(S).

AV(R¥) = AV(R)* and AV(S*) = AV(S)*, we have

AV(R*) sm, AV(S*) (by 1.16).

Then assume that &lt;§,0&gt;€&amp; R &lt;=&gt; &lt;t(8),t(0)&gt; € S,.

Since

r.T
 |

&lt;w,A\&gt; € R* there are 6,0 such that ©&amp;% = w, 8% =), and

&lt;8,0&gt; € BR (by 1.6). Thus &lt;t(8),t(8)&gt; € 3, and hence

&lt;t(6)*,t(0)*&gt; € S*, so that by 1.11, &lt;t#(s%),t*(0%*)&gt; € sS*,

That is, &lt;w,A&gt; € B* implies &lt;t*(w),t*(\)&gt; € S*, The con-

verse is proved similarly. Therefore, BR¥ Smor, St,

(11) Suppose R* smor,, S¥; then by 1.9, AV(R)* smg AV(S)*

By 1.16, there is a t such that AV(R) smi AV(3) and s = t*,.

Furthermore, if &lt;§,0&gt; €RB (so &lt;§%,0%&gt; € R* by 1.6) then

tH ( 6%), tR()&gt; € S* (by assumption). Hence &lt;t(8)*,t(0)#*&gt; € S*

by l.1l. That is, &lt;t(8),t(6)&gt; € 3, so that

&lt;6,0&gt; € RB =&gt; &lt;t(8),t(08)&gt; € 8S.

The converse proceeds similarly, and completes the proof

that R sSmor,, Se

Li
=r
—

——

since the tern

NO,

C

there is a relation

——— §&lt;o%,{sl&gt;] 6 € I

&lt;6%,§68&gt; and the condition 8 € A are
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stratified. Furthermore, it is clear that Arg(t) = A*

and Val(t) = USC(A). Since &amp;% = 6% &lt;==&gt; 6 = 0 &lt;=&gt; {8} = {0],

it follows that t € 1-1. Thus we have proved

1al5, emma: FH A = NO ==&gt; A%* Sm

| Ly » Lemms,  HF R= NUXNQ =~» R*

Proof: Let t be the relation

 FE he
3 § &lt;5, {6t&gt;| 6s € Av(R)

US0

So

A)

aUSC(R)

Then, as above, AV(R)* sm UsSC(AV(R)), and thus by 1.9

and the fact that AV(RUSC(R)) = USC(AV(R)), [R, p.302] one

haa

AV(R#*) Sm, AV(RUSC(R)) 1

Furthermore, if &lt;87,9,&gt; € R*, then there are 6,0 with

9% = 0,, 6% = 6; and &lt;6,0&gt; €R, by 1.6. Thus,

&lt;{s},{o}&gt; € rUSC(R), so that &lt;t(8,),t(01)&gt; € RUSC(R).

The converse is proved similarly; hence R¥* smor RUSC(R).

Ag

LalUs

in [RH Ded77], we

Definition
or

»

ma, Ke

Card(d)

cne ad ivion:

=1p Nef o | a &lt;8).
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Then, from 1.15 and 1.18, we obtaln immedlately:

Lelie Lemma: J Oa rod (6%) = T{Caratl  J 4
\

Proof: Card(s*) = Ne(f eo [0 &lt; s*})

=nNe(fofo &lt;8)
= Ne(usc{o [eo &lt; 8}:

= T(Card(s)).

1.22. Lemma: (1) | seg,&lt; € o%x,

(11) | (seg,&lt; € 0) &lt;=&gt; 0 = od

Proof: (i) By [R, p.474], we know that

i C 9 &lt;==&gt; (RUSC*(P) smor seg,&lt;)

Thus if 9 = No(P). then

= thot .

ym
€ No(RUSCY(P)) = No(RUSC(P))*

= No( Pp) ##

-—d

—
Af?

(11) If © = 0%, so that (by 1.3) 6 = o*

then seg &lt; € 0 by (1).

Conversely, if seg,&lt; € 6, then by (1) 06 = a%

Hence if either 6 &lt; 6% (whence by 1.3, 9 &lt; 6% &lt; 8%#) or

B# &lt; 0 (whence 8¥##% &lt;&lt; 4% &lt;

Thus 6 = 8%, as claimed.
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1.23: Lemma: f= stcan({ 6 d &lt; 0 §) &lt;=&gt; (6)(6 &lt; 9 ==&gt; H=6%).

Proof: If stcan({ 6 | 6 &lt; 0%), then there 1s a t such that

t € Funct, Arg(t) = {6| 6 &lt; 0} and for all s, ir

then t(8) = $6} . [B, p.4861.

Thus° (seg,&lt;) smor, &lt;).RUSC(segy&lt;

Also, by 1.15 and 1.19,

(seggu&lt;) smor_ RUSC(seg,&lt;),

where ©&amp;% &lt; 0% ==&gt; g(6%) = $63 . Also seg,&lt; € Word, so that

by [R, p.457,460] we have 0 = 6%, But the isomorphism

between two well-orderings is unique, so t = s. [R, p.461].

Thus, if 6 &lt; 0, then t(8) = {6} = s(6%) = t(6%). And

since t,s € 1-1 thls implles 6 = 6%, Then since &amp; was

arbitrary, we have

(86)(6 -2 © m— &gt; dS wr J | iL}

Conversely, suppose (1) holds and let s be the

function (given by 1.19) for which

seg, ,&lt; smor_ RUSC(segy&lt;).

$616 &lt; of = $616 &lt; of"

fs15 &lt;0} by (1).

Then Arg(s) = (by 1.15)

Thus 6 = 6%, and for any 6 &lt; 8 we have s(8) = s(6%) = $68

But then we have $6 | 6 &lt; 0} Sm usc({ 516 &lt; 04 )., so

that finally we conclude stCan( { 8ls6 &lt; J
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Section 2:

In this section we consider some symmetry properties

relative to the ¥*-operation, especially in connection with

functions which have thelr arguments and thelr values in

NO. As a useful example, we consider the set W of w-numbers

in NO, showing that 6 € W if and only if 6% € W, We

then use this symmetry of W to prove the main result of

this section: if every Cantorlan, well-ordered set has

only Cantorian —— then every Cantorian, well-ordered

set is in fact strictly Cantorlan.

cor. Definition: wy =4¢ min {8 fe | 6 &lt; 5 € Fin §

Slearly w, is a stratified term, and may be asslgned any type.

2 oso a wemma (1) Fw = No(¥alg, mn).

(11) + w= o_*

Proof: For (1) see [R, p.#78], where the equlvalence

is stated as an exercise. The proof is an easy consequence

of the fact that 6 &lt;u &lt;=&gt; Card(6) € Nn, Once we have

(1), (ii) follows by [R, p.477].

Ne can now define the w=-numbers of NO:
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2.3. Definition:

i =p $9 Wo &lt;0 &amp; (8)(8 &lt; 0 =&gt; card(s) &lt;, cara(e))f.

N 18S a treet ted term,

Remark: If 0,592 &amp;

ana

-

.

oa rl

I's

pe assignea ELLLY vywv&amp;

3. = 8, &lt;==&gt; (Card (6;) &lt;, Card(9z)).

Indeed, if 65 &lt; 6,, then Card(0,) &lt;o Card(6,) by [BR, p.478],

end Card(9;) # Card(6,) by definition, The converse follows

from the fact that &lt; 1s a linear ordering.

Note that the same holds true if 0,562 are taken &lt; w,.

This follows since any well-ordering R of a flnite set is

order-isomorphic to an initial segment of the well-ordering

&lt;.of Nn [Lemma 2.2 and [R, p.4731], and the length of that

segment depends only on the cardinality of AV(R).

2 ate Lemma : (1) Fw, EW.

(11) FF W = NO

(111) + 6 e W

Proof: (1) follows from 2.2 and [R, p.477]. (That is,

Card(w,)=Nc(Nn).)

(11) trivial

(111) By 1.3 and 2.2, we see that w_  &lt; 8 &lt;=&gt; wu, &lt; 8%

Then, if 6 &amp;€W, and 64 &lt; 6%, there 1s a 6 &lt; § such that
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0% = 8,, by 1.4, By the assumption that 6 € W, we have

card(8) &lt;, Card(s), so that by [R, p.368],

T(Card(0)) &lt;, T(Card(s)).

ver, by 1.21 this is just

Card(e*) &lt;, Card(s&amp;*).

That is, for any ©; &lt; 8% we have Card (e,) &lt;p Card(s*),

so that &amp;%* € W,

Howe

Conversely, if o6* € W and 6 &lt; 86, we have 6% &lt; 6*

and hence Card(e*) &lt;, Card(é*). Thus by 1.21 and (R,.p.3681],

Card(@) &lt;, Card(8). Since this is true for any © &lt; §,

we have 6 € W, completing the proof of (iii).

Thus the property of being an w-number is lnvarient

with respect to the *-operation. We show below that for

any set x with the same property (ie. the analogue of 2.4,1i1)

the function which enumerates x has a similar symmetry. First

we must show that such an enumerating function exists.

Luda Lemma: I A © NO =&gt; [No(Al&lt;[A) &lt; No(&lt;)1.

Proof: Let R denote A{&lt;[A. Then by [R, p.337]

R € Word. If the conclusion is false, so that No(&lt;) &lt; No(R),

then for some 6 € A, &lt; smor segyR. It follows (since

evidently AV(seg,R) = Anfsls &lt; of) that

Ne(NO) &lt;o Ne({8] 6 &lt; of).

which contradicts T2.1 of [7, p.288], and completes

the proof.
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It follows from 2.5 that for any A &amp; NO, either

&lt; smor, (al&lt;la) or, for a unique 6 € NO, (segy&lt;) smor, (al&lt;la).

In either case t is unique, by [R, p.461].

24D berinition:

A =gp (10)0(3R)(B smory (4]&lt;[a)

&amp; ((R = &lt;)v(36)(6 € NO % R = segy&lt;)]]

8a is a ccratitied term, and 13 assigned the same

Cype 8 A.

TOM cne apove remark, we have lmmedlately:

Cafe Lemma

f— A = NO =&gt; (3R)[R smor, (al&lt;fa)

((R =&lt;) v (38)(86 € NO &amp; BR = seg,&lt;))1].

2.8, Lemma:  No* # NO

Proof: Otherwise, if §&amp; = No(g), then (since

NO* = NO implies NO** = NO, by 1.7) there is a 6 with

§ = 6%%_, But then

SO that

seg,&lt; € o%% = No(&lt;) (by 1.22)

seg,&lt; smor &lt;, contradicting [R, p.4591].
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2.9. Definition: a =4r min (NO - NO*)

Que1 Zar U*

for 2a on integer Kk.

2 LU Lemma (1) + no* = {66 &lt;q}

(11) FF (2)* = seg, &lt;-

Proof: (1) is simply a restatement of 1l.4 and

Definition 2.9.

2elle

20)

(11) follows immeaiacely from (1) and A. J

Theorem: |= A = NO ==- (A( 4) = (8,)%).

Proof: Evidently (a]&lt;fa)* = (a*)] &lt;[ (a)

that by 1.17, if R smor, (a1&lt;['a), then

g% smor A¥)I&lt;| (A%),(oy (A) 1am)

But if R = segy&lt;, then R¥* = seg, &lt; (by 1.15) and if

R =&lt;, then R¥* = ()* = segq Ss by 2.10, Thus

2.12. Corollary:

b= 6 € arg(a,) =&gt; o* € Arg(A)

(11) + 6 € Arg(a,) =&gt; (5,(8%) = 4,(6)%).



wa

or 4

Proof: By 2.4.,111, W* &amp;W, and ln fact W* is an

initial segment of W under &lt;. [Since §6,0% € W and §&amp; &lt; o*

imply 6 = A*, for some X &lt; 6, and by 2.4 X € W. That 1s,

5 € W*]., Thus Arg(d ,) S Arg(d ), which by 1.9 and 2.11

implies (Arg(s ))* S arg(s,). Thus we have proved (1).

Furthermore, if &amp; € Arg(A;), then 8% € Arg(s ,) (again

by 1.9 and 2,11) and in fact:

Brmt o%*) = By §%)

(using [R, p. 461], and the fact that W¥* is an initial

segment of Wl]. Thus by 2,11,

b (5%) = (b,)%(6%).

30

by

that

1.11.

A (8%) = A (6)

This completes the proof of 2.12.

Remark: 2.12 could have been proved immediately following

2.4, using an induction over the ordinals in Arg(a,), since

both statements are stratified. (W is stratified, thus

By and Arg(d) are also and can be —— any type.)

However, the argument given above applies to any set A such

that © € A &lt;=&gt; 8% € A whether defined by &amp; stratified

formula or not. The technique of delaying as long as

possible the use of unstratified conditions such as this,

and rather proving theorems such as 2.11 which demonstrate

some more general property of symmetry which can then be
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applied to special cases, 1s important in later sections.

We can, for example, use Theorem 2.11 to prove the

following:

2.13. Corollary:

— A SNO&amp;60%£0 &amp; (6)(6&lt;8 =&gt; (6 € A &lt;=&gt; 5% € A)) =&gt;

/
R J (6 € Arg(L,) &amp; 8,(8) &lt; 8) =&gt;

(6% &amp; Arg(A,) &amp; By (8%) = Ap(8)*)1].

Proof: Let © be as in the antecedent and B = Anfsls &lt; of.

Then B is an initial part of A (under &lt;) and by assumption

B¥ is an initial part of B. Furthermore, if 8 € Arg(Ay)

then 6 € Arg(sg) &lt;=&gt; 4,(6) &lt; 8, so that it suffices to

consider B. The analogue of 2,12 for B is the statement

6 € Arg(Ag) =&gt; (6%€&amp;Arg(Ap) &amp; Ag(6¥*) = Ag(8)*),

which 1s proved exactly in the proof of 2.12. Moreover,

it is equivalent to the desired conclusion.

2.14, Lemma: (1) FF ©No(&lt;) =m

(11) FF a* &lt;a,

(111) I qa, € W.

Proof: (i) By 2.10 (L)* = segn Sy SO that by

1.15 ()** = seg, &lt;. But then by 1.19 iterated twice,

(&lt;*#) smor RUSC2(&lt;), and hence RUSC?(&lt;) smor seg.&lt;.

(1) then follows by [R, p.473].
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(ii) Immediate from 2,10.

(111) If otherwise, then by 2.10.1, there 1s a

5 with Card(Q,) = Card(6%*)., But then, by 2.10.1, 1.15 and

leo,

T{Ne(NO)) = T(Ne({ 6] 8 &lt; of

y \ ~
A? 70) = Ne(§6]6&lt;0f).

However, this contradicts T2.1 of  { é

Note that (iii) above and &lt;.3 imply that |= Q, € w

for every integer Xk.

2.15. Definition: w, =4¢ A.(8)

Z  a lO Theorem:

+ (8)(9&lt; Hd == &gt; 0 = o%) =&gt; [wg € NO &amp; We = (wg)*].

Proof: Let B = fo | 8 &lt; 5%, and suppose the assumption

holds for 6. Then clearly B = B¥*, and since 6 = lubB, we

have &amp; = 6% by l.l4. Let © € NO be such that w, = Qg

(6 exists by 2.14%). Then Q.* &lt;Q_, so that

[) we = (0 )* &lt; wy (by 2.12)

and hence 6% &lt; 6. Thus &amp; &lt; 0, and hence ww € NO. Further-

more, since 8 = ot, We = (wg) *, by 2.12.



1
-

“3

2,17. Corollary: = TIstCan(Ww)

Proof: If stCan(W), then by [R, p.486], stCan(Arg(a_)).

If wy = y (so 8% &lt; 6 as proved in 2.16), then

{66 &lt; of &lt; arg(a,) so that by [R, p.486], stcen({s| 6 &lt; 61).

However, O%% &lt; 6% and 0% € $5 | 6 &lt; 0} (by 1.3) which

contradicts 1.23.

Hemark: Since for each (ordinal) numeral n (ef [R, p.475])

— (0)id&lt;n, =&gt; § = &amp; oo

by 2.16 we have: ®n. € NO &amp; wy = (wy, )*

However we see no way to prove in NF that wu, &amp; NO,

Using 2.16, we can show that

huge (0)(0 &lt; wy, =&gt; 0 = 6%) =&gt; un € NO,

Since the antecedent of this statement 1s equivalent in

NF to Rosser's Counting axiom (ef. [R, p.485]), We. € NO

is provable in the system of [R]. It is a consequence of

the next theorem that in that system, the statement

(6)(6 &lt; Wy =&gt; 6=0#) 1s provable, for each (ordinal)

numeral B_. However it does not seem possible to prove the

counterpart for wu, even in the system of [R].
~
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It is a consequence of the symmetry of W, however, that

 -

3
pe
Sa Inflin &lt;=&gt; 2 &amp; No

Proof: Clearly if Dy, € NO, then W € Infin. Con-

versely, if W € Infin, then by 1.18 and [R, p.420,421]

W* € Infin. But then, if 06 is such that w, = Qos (so

that by 2.11 and 2.10, W* = {w,| 6 &lt; ef) then

$6] 6 &lt; 6} € Infin as well. But this implies w_ -

so that Wy. € NC.

2ol8e Theorem: |- (wy, € NO &amp; stCan( $ 6| 6 &lt; w, } )

=&gt; (wg4y € NO &amp; stCan({8| 6 &lt; wy 1)

Proof: Assume the antecedent holds for &amp;., If &amp; &lt;9

then W, &lt; Way SO that w, = (wg )*. By 2.12, this implies

§ = 86%; hence we have stCan( { 6 | 6 &lt; 01) by 1.23. Then

0 = o% (since 0 = lubgb| 6 &lt; 8} ), so that by 2.16,

wa4+1 € NO. Moreover, if §&amp; &lt; wg,,, then Card(d) = Card(w,).

so that by assumption and [R, p.435] stCan( { A |» &lt; 5 ).

Thus, as above, 6 = &amp;%.(and this holds for any §&amp; &lt; Woy)

Then by 1.23, stCen($5|6 &lt; ype | ), which completes the

proof.

In 2,19 we define the set of well-ordered sets, WS.

The remainder of this section will be devoted to demonstrating

that if every Cantorian element of WS has only Cantorian
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subsets, then every Cantorian element of WS ls actually

strictly Cantorian.

2.19,

2 2 J a

Definition:

Lemma

WS =g. Yx| (IR)(R € Word &amp; x = AV(R)
Fi

(1) + (ysmx&amp;y€WS)=&gt;Xx€WS

(11) + x € ws =&gt; (30)(usc®(x) sm §6|6&lt;of).

Proof: (1) Let y sm, X and y = AV(R) for an

R € Word, Then let ©S = f&lt;t(u),t(v)&gt; &lt;u,v&gt; € BR} .

Evidently AV(S) = x and BR smor, S, so that 8 € Word.

Hence Xx &amp; WS.

(11) Let Then

8 = No(R),

RUSCS(R) smor seg,&lt;

by [R, p.473]. Also usc? (x) = AV(RUSC%(R)) by [B, p.302],

an that

Use (XxX) sm

shich completes Lr a proof

It 18 useful to make

2e2l1. Definition:

$6]6&lt;of

the following definition:

ca(x) =3f min. ({e Ne(UsSc4(x)) = card(e)[).



-

2
PP

cd(x) is a stratified term, and is assigned a type one

higher than that asslgned to x.

7 P our Sad {emma (1) FF x € ws =&gt; (cd(x) € W .v. Cd(x) &lt; w,)

(11) FF (x € WS &amp; y sm x) =&gt; (Cd(x) = Cd(y))

(111) | x € ws =&gt; (cd(Usc(x)) = Ca(x)*)

Proof: (i) By 2.20, if x € WS, then Cd(x) € NO.

Furthermore, if Cd(x) ¢ W end wo &lt; cd(x), then there is

a 0 &lt; Cd(x) with Card(9) = Card(cd(x)). However, by

definition, Card(cCd(x)) = Ne(Usc?(x)), so that

card (8) = Ne(Usc?(x)), which is a contradiction of Definition

2.21. Thus either Cd(x) € W or Cd(x) &lt; We

(11) Say y sm x &amp; x € WS. Then by 2.20 y € WS,

and by [B, p.368], usc?(y) sm usce(x). Then it is immediate

that Cd(x) = Cd(y).

(111) Let x € US

Then by 1.21,

card(Cd(x)#) = T(Card(Cd(x)))

2
= T(Ne(USC (x))

~ Ne(use3(x)).

Since USC (x) = USCS(USC(x)). we have

3d{UsC(x) &lt; Ccd(x)*,
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Also, if 0 &lt; Cd(x)*, then by 1.4, 6 = 8* for some

5 &lt; cd(x). Thus Card(s) # Nc(USC*(x)), implying (by 1.21

and [R, p.368]

Card(6%) # Ne(Usc?(x)).

Thus Cd(USC(x)) = Cd(x)*, completing the proof.

2 ol 3. Lemma:

(1) b+ x € ws ==&gt; [(Ne(y) &lt;g Ne(x)) &lt;=&gt; (Cd(y) &lt; Cd(x))]

(11) | x € Ws =&gt; [(Ne(y) = Ne(x)) &lt;=&gt; (cd(x) = Cd(y))]

Proof: (1) Let x € WS; then Nec(y) &lt;5 Ne(x)

AS, by 2.20, so Cd(y) € NO. Moreover,¥ E

vq
. M

k
Lo Vv) &lt;, No(x) &lt;=&gt; Ne(USC?(3)) &lt;¢ Ne(Usc®(x))

&lt;=&gt; Card(Cd(y)) &lt;, Card(cCd(x))

&lt;=&gt; Cd(y) &lt;, Cd(x)

(The last equivalence follows from 2.22 via

following Definition 2.3.)

the remark

implies

(11) follows immediately from Definition 2.21 and

(BR, p.363].

Remark: We define a relation BR = {&lt;Ne(x), ca(x)&gt; | Xx € as §

Then, by 2.22, R € Funct, and Val(R) SE Wuie|e &lt; uw].

furthermore, if © € i viol 0 &lt; w, and S € 6, then

USC?(AV(S)) sm {6 6 &lt; 0} and USC°(AV(S)) € WS. Then
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by the remark following 2.3, CdA(AV(S)) = © which implies

val(R) = WU {ol 9 &lt; wy § . Furthermore BR € 1-1 (by 2.23).

Thus if we define

AC =4p in | n ENC &amp; (d4x)(x € n &amp; x € is) §

then Arg(R) = WCen®R is a similarity mapping between &lt;
—

on

WC and &lt; on wu {6 | § &lt; w_} . Note that Nn € WC, and

R(n) &lt; w, &lt;=&gt;n € Nn, for all n € WC. Moreover, if

n € WC (so T(n) € WC also) then by 2.22

R(T(n)) = R(n)*.

That is, the ordering of cardinals in WC 1s order-isomorphic

to the ordering of finite ordinals and w-numbers in a natural

way, which commutes with the "type-ralsing" operatlons

T(n) and 6%, This relation considerably simplifies the proof

of the main result of this section, which follows:

Co Ll o Theorem:

— (x)[(x € WS &amp; Can(x)) =&gt; (y)(y € x =&gt; Can(y))] =&gt;

(x)[(x € WS &amp; Can(x)) =&gt; stCan(x))]

for simplification, let £, be the acvtence

(4,) (x)[(x € Ws &amp; Can(x)) =&gt; (v)(y &amp; x =&gt; Can(y)]

and A, the sentence

(A,) (x)[(x € W3 &amp; Can(x)) =&gt; stCan(x)].

I'he proof of 2.24 1s accomplished by means of two lemmas.
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2.25. Lemma:

(1) |b 4, =&gt; [stcan({e |e &lt; wf) &amp;

(6)[(wy € NO &amp; © = 0%) =&gt; stCan( $s] 8 &lt; 0$)1]]

(11) b= (0)[e = o* =&gt; stcan({s|8 &lt; 6§)]1 =&gt; 4,

Proof: (i) Assume A; and suppose wy € NO and

9%, Then by 2.12 ww, = (wg)*,so that

$6 &lt; wy} = {6 6 &lt; wot"

Thus by 1.18 we have can(1s | 6 &lt; wg §). Then if 8 &lt; 0,

so that wg; € NO and wy; &lt; wg, We have (by Aq)

can({r[| a &lt; wg $)

We wish to show that wg = (wg)*. If not, then since

Card(wg) # Card ( (wy)*}.

But this contradicts can({X | A &lt; 053). That is, for any

6 &lt; &amp; we have wy; € NO and wy = (wg)*. Hence by 2.12

5 &lt;6 =&gt; § = 6%, so that by 1.23 we have stcan( {5 | d &lt; o})

Thus we have proved the second clause of the cofclusion

of (1). To prove stcan(ie | o &lt; wo}) we need only note that

fo | &lt; wf 1s Cantorian, so that @ &lt; w, 1mplles © = 6% by

Aq and the remark following 2.3; then use 1.23.

(11) Assume the antecedent, and suppose that

x €WS &amp; Can(x). That is x sm USC(x), so that by [R p.368]

X sm Usc4(x). Then by 2.22 Cd(x)* = Cd(usc(x)) = cd(x),so

that by assumption stcan({e | 0 &lt; ca(x)$). However

Ru
w.¥* € {a
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USC?(x) sm {0 | e &lt; cafx)} so that stcan(Usc?(x)), and

hence stCan(x).

2.26, Lemma:

— [(8)(0 = 6% &amp; wy€NO. == stCan({s] 8s &lt; of)

&amp; stcan({e | 0 &lt; ws$)] m=&gt;

(0)[08 = 6% =&gt; stcan({s | 5 &lt; of)1.

Proof: Assume the antecedent. Then 1f every © with

9 = O0* also satifies wy € NO, we are done. Thus suppose

9, = 0% and wp&amp;NO. By 1.23 end 2.16 0, 2 wy. We

bo = mingfs] 8 € Wa 0 &lt; of.

Then 6,€ W. [There is at least one 6 € W which 1s

greater than 059 namely Ry. J Also we evidently have 5, = 8

[By 2.4 6 €W &lt;=&gt; 8* €W, and 0 &lt;8 &lt;=&gt; 08, &lt; 8* by

the choice of 0,. Then use 1.14 to conclude

Next we let 84 be the ordinal for which Ws mm Q,.

Since Q.* &lt; Q, we have §;* &lt; 84 by 2.12. [And thus

Ww. &lt; 8 by 1.23 and the assumption.] But then w ¢ NO
0 1 0,

and by (1) ©, &lt; 8,, so that

le r

3
0)

. 3)

Then let

A , = ming fx | card (yn) = card(s1)f.
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Evidently 6, € 4 and 6, &lt; 6,. Moreover, since 5&amp;5, &lt; d,,

by (2) and the assumption, ©&amp;, = 8,¥%, LIf 6, = wy, 8 = wy.

then © = 6% by (2) and 2.12; so X &lt; 8, and i = i¥*, by

the assumption. Hence uw, = (w, )*, or &amp;, = 5,*1. But

Vg, € NO (since 6, &lt; 84), so that by the assumption, we have:

stCan( i ho&lt; 5,1).

However, Card(6,) = Card(d;), (by definition of 6;) so that

by [R, p.486], stcan( § x | x &lt; 5, § )e Thus, by 1.23, and

since 61% &lt; §,, we have 64% = 6 *¥%, That 1s, by 1.3, we

have 64 = 6%, which is a contradiction. Thus the proof of

2.26 1s complete.

The proof of Theorem 2.24 follows from 2.25 and 2.26

immediately. Moreover |= A, =&gt; A; 1s obviously true

(cf [R, p.4B86]), and thus the four statements A4,, Ag, wy €NO &amp;

(8)[(e = 0% &amp; wy € NO) =&gt; stCan( $ &amp; 6 &lt; of) and

(8)[o = 6% ==&gt; stCan( $6 | 5 &lt; © ¢ )] are equivalent in NF.

We let NF; denote the extension of NF obtained by add-

ing A to the list of axioms: for any statement 5S we use

the symbol Fey S to denote the fact that S is a

theorem of NF. (or equivalently, as a synonym for I Ay ==&gt; Sy.

NF, 1s in some sense a "natural®™ extension of NF, since

its additional axiom Aq provides for a certain regularity



among Cantorlian, well-ordered sets. As Rosser has noted in

[R], many of the sets used in classical mathematics (for

example the sets of integers and real numbers, and the set

of functions taking real numbers as arguments and values)

can be shown to be Cantorian in NF. [Or more precisely,

the sets of NF which are taken to represent these classical

objects are Cantorian.] Moreover, the Cantorian sets are

"small" in some sense, since for example V and NO are both

non-Cantorian. It thus seems striking that the assumption

of regularity represented by Ay, in which we restrict

attention to the well-ordered sets, should provide for an

apparently much stronger property of regularity.

Indeed, it seems proper to regard only the strictly

Cantorian sets of NF as those corresponding to classical

mathematical objects. Rosser has argued in [11] that by

taking thls view and by adding to NF statements which

postulate the existence of certain strictly Cantorlian sets,

one can obtain extensions of NF which correspond in strength

to the more standard set theories. In fact NF4 1s already

strong enough to possess a relative interpretation of

Zermelo-Fraenkel set theory, as we prove in Section 3. MNore-

over, as follows from Theorem 2.27, NF, provides increasing

sequences of cardinals of strictly Cantorian sets of

arbitrary, Cantorlan length.

Of course NF, may not contain sets which correspond to

the sets of Z-F in terms of the € -relation of NF. Also,
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there is the danger of contradiction, which can never be

ignored even for NF itself, Indeed, as we prove in Section 6,

by adding Ay to NF we have extended it in a non-trivial way.

(Unless of course NF is already inconsistent.)

2.27. Theorem: Fp, (0000 = 6% =&gt; (w, € NO &amp; w, = (wy)*)].

Proof: By 2.25, if 0 = 0% then stcan(36) 8 &lt; a} ),

SO the Theorem follows by 1.23 and 2.16.

Note that by Theorem 2.27 and Lemma 2,25, if 6 1s an

ordinal with 6 = 6%, then in NF, the w-function provides a

sequence of w-numbers of length 6, all of which are the

ordinals of well-orderings of strictly Cantorian sets. Thus,

using the correspondence R of the remark following 2.23, the

same can be said of 6-length increasing sequences of

cardinals of stCan sets in NF,.

Ne complete this section with a result needed in later

work, but which has a proof similar to ones given above.

First it is shown that there is a stratiflably definable

function f such that NOXNO sme NO and such that

£(&lt;6,86&gt;)% = f£(&lt;0%,6%&gt;), Then, by iteration, a similar

result holds for No¥, for each integer k (where not +i= Noxyon

is the recursion formula defining each NOR, according to the

standard technique for obtaining an ordered n-tuple from an

ordered pair).
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2.28, Lemma: For each integer n » 0, there is a constant,

stratified term f such that

 [f € 1-1 &amp; Arg(f) = NO% &amp; Val(f) = NO

&amp; (01) 00a) (£(&lt;075000,0,&gt;)% = £(-

Proof: We first consider the case n =

relation BR on NOZx NO? by the condition:

2o

‘9. F1 sees, %&gt;))]

N= Roe Line MA

 RR ~~

or

7

(max(64,0,) = max(8y,6,) &amp; 01 &lt; 67]

(max(8,,0,) = max(8,,6,) &amp; 04 = 6p &amp; 8, &lt; 5,1)

Evidently R 1s a constant, stratified term. We will show R

is order-isomorphic to &lt;, ,and that the function providing

this lsomorphism 1s the one desired. Then if R smor &lt; we

have B&amp;R SmOr, &lt; for a unique f, which 1s thus glven by a

constant, stratified term.

The proof that R €Word is precisely the same as in

the familar set theories. For example, if A c NO?, let

A' be the set of &lt;9,6&gt; € A such that max(9,8) 1s minimal

for elements of A, Then if &lt;071s8,&gt; ls any element of A-A"

it is greater (under R) than any element of A'., Let A" be

the set of all elements &lt;0,56&gt; € A' with a ninimal 6 (among

members of A'). Then any element of A-A" is R-greater than

any element of A". Finally, let &lt;8,,8,&gt; be the element of

A" which has a minimal second entry (among members of A").
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Then &lt;0,56,&gt; is the B-least element of A,

Next we show

N ) 1) = No(&lt;) ‘

[f No(R) &lt; No(&lt;), then R smor segy&lt;, for some 6 € NO, Thus

Nc(NOP) = Nc(AV(R)) = Card(e) &lt;, N¢(NO)

as in. [7, p.288]). However, evidently Nc(NO) &lt;, Ne (N02),

so that we have Nc(NO) &lt;, Nc(NO), a contradiction.

If, on the other hand, No(&lt;) &lt; No(R), then for some

&lt;9.6&gt; € NO®

-

——
R).smor (seg q o&gt;

Now, evidently &lt;&lt;0',6'&gt;,&lt;6,06&gt;&gt; €R implies

max(90*,6') &lt; max(6,8)., Thus, if max(6,58) = €_, we have

Nc(NO) &lt;a Ne({&lt;0',8'&gt; | 0',6' &lt; 0,1)

yt Ne(NO) &lt;, Ne (fo | or &lt; 6, + 134).

However Ne({e'| o' &lt; o_ + 1§) &lt;, Ne(usc?(v)). [Since, if

P € 6,+1, then

for| ov &lt; o +13 sm USCY(AV(P)) € USCA (V);

[(R, p.473]1.] Thus

Ne (NO) &lt;, Ne(USC2(V))

(since (USC? (V)XUsC3(V)) sm usc4(v)). However, this is a

contradiction (see [R, p.476]). Thus (1) is established.
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Now let f be the unique function such that

wt Smor &lt;

Je must show that f has the required symmetry property.

First, we note that by 1.3 and 1.14,

, - ay 4&lt;8748,&gt;&gt; €R &lt;=&gt;

&lt;&lt;O1%,0,%&gt;,&lt;81%,0,%&gt;&gt; € R  2)f

[For example, by l.14 max(0,,6,)* = max(0,%,0,%), and hence

by 1.3 max(8,,9;) &lt; max(64,65) if and only if

max(8,%,0,%) &lt; max(6,%,8,%). The equivalence for the

other clauses of the definition of R follow similarly.)

Moreover,

&lt;&lt;8 14 092,&lt;0,045&gt;&gt; € R &lt;=&gt;

(01,0, ENO*) v (0, = 0&amp; 85 = Qj) (3)

For Af the left side holds, either mex(0,,03) &lt;Q, (whence

01,6, € NO¥, by 2,10) or 9, = 0 and 0, = 0. Conversely,

if 04,0,€NO*, then max(90,,0,) &lt; Q,. Therefore, if we

define

5 = f&lt;co,%,0 %&gt;,&lt;0,%,5,%&gt;&gt; &lt;&lt;0,46,&gt;4&lt;87,06,&gt;&gt; € r} (4)

we have (by (3)) 8 = seg_ R. But by (2), if we define
&lt;0,00&gt;

g(&lt;o,#*,0,%&gt;) = £(&lt;0,,06,&gt;)% (for each 6,,9, &amp;€ NO), then
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S smor (&lt;)¥,
£ n—

However, by 2.10, (&lt;)¥* = segn Sy SO that

8( 2 0, quoh smor, (seg,&lt;)

(5)

’

fo

Rut evidently

(ses qq &gt;R) smor (segs (&lt;0,005)&lt;)

so, by [R, p.#60], f(&lt;0,0,&gt;) =Q_, and  ZL ls just f restricted

to AV(S).

That 1s,

For

g(&lt;3,%,0,%&gt; = £(&lt;0.%,0,%&gt;)

any 0,,9, € NO, Thus, by the definition of g,

F(&lt;0,%,0,%&gt;) = £(&lt;0.,,8 “V*
4

7)

L 3)

for all 04,9; € NO, completing the proof of 2.28 in the

case n = 2.

For n &gt; 2, we simply iterate the use of f: for

example, if n = 3, then NOJ = NOXNO° and if we define

the £3 1s evidently the desired function.
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Section J:

In [7] Orey used a modification of GBdel's con-

struction of constructible sets to show that Zermelo-

Fraenkel set theory has a relative interpretation in the

extension of NF obtained by adding the statements

(1) (0)(38)(6 &lt;8 &amp; 5 € W)

(11) (x)[(x € NO &amp; x sm NO) =&gt; (lub(x) € NO)]

as axioms. The similarity between these propositions and

the definition of a (weakly) inaccessible ordinal 1s clear

and as Orey notes, the extension of NF obtained by adding

the statement

3 3} [wg = 0 &amp; (x)[(x {6 8 &lt; of &amp;1x sm $6| 8 &lt; of) ==&gt;

(1ub(x) &lt; 9)1]

(which expresses the existence of an inaccessible ordinal) is

sufficiently strong to permit a relative interpretation of

Z-F. Although the first extension of NF appears weaker than

the second. the opposite is in fact true, as we now show,

3.1. Definition:

In =4r {6]w, = 0 &amp; (x)[(x &lt; $s d &lt; of &amp; 1X sm $6 |6 &lt; of)

=&gt; Jub(x) &lt; 01 §,
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&amp;
oF

Jee Lemma: j= 0 € In &lt;=&gt; 0% &amp; In

Proof: By 2.12, wy = 0 &lt;=&gt; wyy = 0%, Moreover,

cfo|o&lt;o%f &lt;=&gt; (Iy)x=y*ayecfs|s&lt;of) and

X sm $6 | 6 &lt; 0¢ &lt;==&gt; X%* sm £6 | &amp; &lt; o%3 (by 1.15). Finally,

by l.14% and 1.3, 1lub(x) &lt; 6 &lt;==&gt; lub(x¥) &lt; 0% if

The desired equivalence follows 1mmedlately.

Jw wn Lheoren = (1) &amp; (11) =&gt; Q_ &lt; Ye

Proof: We note first that if A = W 1s non empty and

has no maximum element, and 1lub(A) € NO, then 1lub(A) &amp;€ W.

Indeed, if this holds for A, and © &lt; lub(A), then for some

8 € A, 0 &lt; 6 &lt; 1lub(A). But then

Card(9) &lt;, Card(s) &lt;, Card(lub(4))

Since this holds for every © &lt; lub(A), and since evidently

wo &lt; lub(A), we have 1ub(A) € W,

Thus from (i) and (il) it follows that Wr sm NO, and

hence w, € NO for all 6. This implies Wo, = Qos [since

otherwise wg% = lg for some 0% &lt; Q,. Then for any 6,

wg € NO implies wgy = (wg)*, 0 Wgy &lt; (0, and 6% &lt; o%

That is 6&amp;6 € NO =&gt; &amp; &lt; 0, which is a contradiction.] More-

over, if x &lt;fo | 0 &lt; af, then for some y € NO,x = y*.

Moreover, if 11x sm fo | 9 &lt; a} then —y sm NO, so by

(11), 1lub(y) € NO. Then by 1.14% 1lub(x) = lub(y*)=lub(y)* &lt; Q,.

Hence Q_ € In, completing the proof.
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Thus the extension of NF by adding the statement In # A

is only apparently stronger than the extension by adding (1)

and (11), and in fact is somewhat weaker. From 3.2 and 1.14

we see immediately that if In is non-empty, then 1t contalns

an element 8 with 6 = o%*, DlMoreover, by 2.11 (as in the proof

of 2,12), (1) and (ii) imply that the cardinal of In 1s

greater than n, for every numeral n= Oylyecee

In the remainder of this section we will show that the

relation obtained in [7] by modeling the GBdel constructlon

in NO possesses a symmetry of the sort considered in Section

2. We then use this fact to show that by relatlvizing

quantifiers to sets with order © where 6 = 0%, we obtain

(in NF) a relative interpretation of Z-F, and (in NF) a

relative interpretation of a weakened form of Zermelo set

theory. (Namely, in which the axiom of subsets is weakened

to require that the defining condition contaln only quantitllers

which are relativized to a free variable.)

It is useful to define the property of being a Cantorian

ordinal (ie., &amp; 6 for which © = 6%), by analogy with the

similar notion for sets, and of being a strictly Cantorian

ordinal (ie., every smaller ordinal 1s Cantorian). Since

the only ordinal which is Cantorian as a set is Oj = No(A)

(and this is Cantorian as an ordinal) no confusion between

the two senses of "Cantorian"® or of "strictly Cantorian"

will arise.
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3.4. Definition: (1) c(9) =qp © = 0%

(11) stC(e) =5, (8)(8 &lt; 8 =&gt; C(8))

Nofe that nelther 2(9) nor s tC 3) are Q1rre
mh:

riled formulas,

We turn now to Orey's modification of the G&amp;del con-

struction. A&amp;lthough the presentation of [3] is not the most

intuitively clear of the various approaches to the concept

of "constructible set®™ which are possible, by taking 1t as

our basis we can make use of the machinery developed in [7]

for NF. Orey defines [7, p.281] a well-ordering relation

S with field the set of all ordered triples &lt;98,6,A&gt; of

ordinals with © &lt; 8,., Specifically, if &lt;8,,6;,%;&gt; and

&lt;0,,08,,00&gt; are two such ordered triples,

T1ah1&gt;,&lt;00,80,12&gt;&gt; € § &lt;=&gt;

[max _( 81517) &lt; max 65902)]

&amp;

Then it is shown that S smor &lt;, and J is deflned as the

unique function for which S smor; &lt;. Evidently S and J are

stratified terms, and can thus be assigned any type. K, and

K, are defined as the unique functions such that for each 6,

(49) (J(&lt;8,K,(68).,K5(8)&gt;) -y
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and are also constant, stratifled terms.

Lmportant for our purposes 18 the following:

J+. Lemma: (1) + 6 &lt; 8, =&gt; (J(&lt;0,8,A

(11) F Kj(0)* = K,(0%)

(111) |= Kp(8)* = K (0%)

 FE = J(&lt;0,8%,0%&gt;))

Proof: One first shows, by a proof similar to the proof

2.28, that if 6,,0, &lt; 8, thenof

rl
= 12,8993 &gt;y&lt;05,05,A&gt;&gt; € 8 &lt;=&gt;L

&lt;&lt;B*, 6, hq ¥&gt;, &lt;0, 5,%,hp%&gt; ES.

Then, as in the proof of 2,28 (and since 0 &lt; 8s implies

9 = 6%), (1) follows directly. Hence, if J(&lt;6,K,(8),K,(6)&gt;)=8,

we have J(&lt;0,K,(8)*, K,(8)#*&gt;) = §%, and (since J € 1-1)

(11) and (111) follow.

The construction in NF of the analogue of the functlon

F of [3] which enumerates the constructible sets 1s based

on Orey's observation that any function f whose argument

values lie in USC(NO) and whose range is a subset of

3C(NO) determines a relation E (a subset of SC(NO)XSC(NO))

by the definition

UX V2 E BB Comms [1,y ENO &amp; min_ {eo | x = £(§e3)¢ € yl.
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3.0, Definition:

G =g¢ {| £ € Funct &amp; Val(f) € sC(NO)

&amp; [ATg(f) = USC(NO) v (30) (arg(f) ={f |6 &lt; of:

G is a constant, stratified term, and can be assigned

any type. It consistsofexactlythose functions f which

are defined on an initial segment of RUSC(&lt;), and for whlch

val(f) &lt; SC(NO).

For any f &amp; G, we define a function f' by letting

ara(£') = {9 | ©} € are(f)f, and setting £r( {e*f ) = £(fof)*

(Note that the right side of the definlng equation 1lnvolves

rhe *-operation on subsets of NO).

Jefe Definition: f' =, &lt; fou} , x#&gt; x © NO &amp; &lt;{6},x&gt; € ef

Then f' 1s a str-tified term, and 1s assigned a type

one higher than that of f.

The next Lemma shows that for f in G, the terms defined

in [7, p.282] to facilitate the definition of the function

corresponding to GBdel's F (which enumerates the construct-

ible sets) possess a symmetry relative to the operation of

passing from f to f'. [Note that each such term is

stratifiable in such a way that it has the same type as

each of its arsuments except f, which has one higher type.)
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3.8. Lemma:

(1) I~ 2 C USC(NO) X SC(NQ) =&gt; (f € G &lt;=&gt; f!' € G)

(11) F (f eG &amp; x SNO) =&gt; (0dge(x) = 0dp(x)*)

(111) | £ € 6 =&gt; (NOp. = (NOg)*)

(iv) b+ (f €éG &amp; x,y € NO) =&gt; (x ef y &lt;=&gt; x¥# =a y¥*)

(v) (ff €G&amp;x,ye val(r)) =&gt; [{x%, ud = ({x,5}7 )*]

(vi) + (fe c &amp; x,y € Val(f)) =&gt; [&lt;x*,y*&gt;T=(&lt;x,y&gt;T)*]

(vit) — f eg =&gt; (ef = (f)*)

(vill) (f €G6 &amp; y € 80) =&gt; [(Vx(y*))T = ((vxy)©)*]

(1x) + (f€Ga&amp;yecno) =&gt; (Df (3%) = pT (y)%)

(x) = (f € G &amp; y € NO) =&gt; (envy ® (3%) = env, F(y)*)

(x1) + (ff eG &amp; y €Val(f)) =&gt; (Cav, T' (5%) = Cav, (y)*)

(x41) F (f € 6 &amp; y € Val(f)) =&gt; (env t (3%) = cav, T(y)%)

Proof: The proof 1s elementary, and in most cases we

give only a sketch.

Ne

(1) If f &lt;&lt; USC(NO)X sC(NO), we have

fo} ,x&gt; € £1 &lt;=&gt; (36)(dy)[e = 6% &amp; x = y* &amp; &lt;{6},y&gt; € £1 (1)

Thus we see that ff &amp; Funct &lt;=&gt; f' &amp; Funct, and

are(f?) = SM | 68 € arg(£)f

E21 l(£') = {y*|y € val(£)f.

[t follows immediately that FE3&lt;=&gt;fv eG.

(2)

{

3)



(11) This follows directly from the definition of f° 4

i]
.

since if ff € G.

£( tof) = y &lt;==, f'( 10%]) = y L!
3

by (1). Then use 1.3 and 1.4.

(111) Use (11) and (3)

(iv) By (1), if x &amp;£ NO

Od, (x*) € NO &lt;=&gt; 0d.(x) &amp; NO;

0d, (x*) E y* &lt;=&gt; 0d.(x) E vy.

(v) follows immediately from (i)

fo,60% = fox, 5%},

(vi) Immediate from

(vii) Bf 1s

fol (3x)(3y)(x,y € Val(f) a x €f y &amp; 0 = od (&lt;x,y&gt;0)1.

Then (vii) follows, using (3), (i), (iv) and (vi). That

is, for example, if © = 0d o(&lt;x,y&gt;F) (where x,y € val(r)

and X ef y), then x¥,y* € val(f') by (3), x¥ £ y¥

by (iv), and 6% = Odo (&lt;x*,y*&gt;T) by (vi) and (i). Hence

(Bl) C (gf')., The converse follows by a similar argument.

(viii) If y SNO (Vxy) 1s

$s | (3x) (32) (x,2z € Val(f) &amp; z ef  vy &amp; 6
delillle cr (&lt;x 250).

The desired equality follows by (3), (i), (iv) and (vi).
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(1x) If y €NO, D'(y) is

$6 | 6 € NO, &amp; (42)(z € Val(f) &amp; &lt;z,f( $06} )&gt;T ef yS-

The equality then follows by (3), (iii), (iv) and (v).

(x) If y &amp; NO, then env, f(y) is the set

0 | (32) (32) (x,2 €Val(f) &amp; o=0dpl&lt;x,2&gt;T) &amp; &lt;z,0&gt;T €f

The equality then follows, using (3), (1), (iv) and (Vv).

(xi) If y € val(f), Cnv,f(y) is the set

£6 (33) (3x) (30) (7.2.v € Val(f) &amp; 0 = 0dp(&lt;x,&lt;z,v&gt;0&gt;T]

Rr &gt; &lt;v. &gt;i&gt;T et v{.

If the condition of membership in this set holds for ©

[so that for some x,z,v € Val(f) we have © = 0d A( &lt;x &lt;z,v&gt;0&gt;T)

and &lt;z,&lt;v,x&gt;I&gt;T ef yl] then evidently both &lt;z, v&gt;f

&lt;v,x&gt;f are in vVval(f). (Otherwise, for example,

od.(&lt;z,v&gt;f) = A, and

x .&lt;z v&gt;&gt;T mir
_—-

wih

fx,x3, x,&lt;z eT}
ffoas(0)}, foax), ali’

fodp( {0a (x)3) a8 Al) which is

a contradiction (Note: since Val(f) &amp; sSC(NO), if x &amp; NC

then 0Ode(x) = A). But then the equality follows by (3),

(1), (iv) and (v).

(xii) Proof is as in (xi,
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3.9. Definition: (1) fy =,. 43 | 6 &lt; of 1s

[Let G.(f) be the formula

(0)[ 30% € Arg(f) =&gt;

v

3 © val(s,) &amp; £(f0}) = {os |s € Nog &amp; 6 &lt; of

4
290 {§)) &amp;1

€ val(d,) &amp; £({e}) = r4(§k(0)3) nET®

2 € val(dy) &amp; £(fed) = £ K(f)n(wo=£,({K,(0)f))

v 8 € val(3,) &amp; £(f0}) = £,({k (0)})n (Vx r (fx, (e)2NT°

9 €Val(Jg) &amp; f({ef) = £,({X, (0) )n Do(£,( {K,(0)f))

v9 € Val(J,) &amp; £(%8f) = £a({K, (0)f) env, O(r,({K()}))

v 0 €Val(d,) &amp; £(£63) = £o({K (00) n env, Or, ({K,(0)}))

v 6 € Val(Jy) &amp; £({6f) = £, ($6,(0)f) 1 env, O02, ({K (0)1.

Then we define

{
(11) 6, =¢{f |G (£) &amp; £ € a!

 is a constant, stratified term, and can be assigned

any type.

One then proves by induction over &lt; (as in [7], using

Theorems XII1.2.9-11 of [B1) that for each 8, there is a
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unique f E€ Gy having Arg(f) = uscis | § &lt; of, and a

unique f € Gy with Arg(f) = USC(NOC). The object in

displaying Definition 3.9 is that, with Lemma 3.8, one

obtains

Ys dts Lemma:

Prooi:

Moreover, by

€ == '(— f G, =&gt; f'€G

one nas evidently, if fof € arg(r)

(£7) ou = (fq)

345, for each Xx &lt; 8 and each 4,

R
J

”~

 ld val(J,) &lt;=&gt; &amp;* € Val(J,)

(1)

-)

(since A = A¥ in that case). Thus one proves G,(f") by

examining each of the nine cases fof € Arg(f') &amp; © € val(Jd,),

for A &lt; 8 For example, if fo? €&amp; Arg(f') and 6 € val(Jd,).

then for some 6: © = &amp;6*, &amp;§ € Arg(f) and 6 € Val(J_). Then

one has

r(§68) = Ha ENOp &amp; A &lt; Bj

Sy
by 3.8.111)£({61)* = {alr Eno ys an &lt; s*f (by 3

3} £({63)* = {1 | €NOgry, &amp; A &lt; of, (by (1))

That is, £r(f03) = Ax ENOL,&amp; 0 f

so f' satisfies the first clause, as well,
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The other clauses are treated simllarly, uslng the

appropriate statement from 3.8. Thus we establish Gy (Ff).

Also, by 3.8.1, f'E&amp; G; together these imply f'¢€ Gy

ond we are done.

Jedd pJefinition: s = (1f)(f € Gq &amp; Arg(f) = USC(NO))

The uniqueness of s (as the member of Gy with USC(NO)

as set of argument values) 1s proved as sketched in the

remark following 3.9. This is Just the function s of

(7, p.283], and is a stratified term which can thus be

assigned any type. From 3.10, and the uniqueness of the

member of Gy whose argument values lie in USC( $0 IK &lt; 0,8)

we have lmmediately the desired symmetry of s:

J s L&amp;ep Theorem »
8 b- s({o*f) = s(§ef).

Proof: st is in G1? by 3 «10 and

Arg(s') = § fox| fo] € are(s)f = usc({ 0 |e &lt; a0).

But one also NaS

(usc({0]o &lt;a dls) eq.

By the uniqueness

on1

property of G,this implles

(usc(§ ole &lt;a$)] s);
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that is, for any 6 &lt;Q, st($ef) = s(36¢). Hence, for

all © € NO,

Si o¥¢) = st({o*f) = s(fef)*

completing the proof of 3.12. [Note that s(56¢) is

subset of NO, so s( ff) = on | 6 E sft}3.

£

Remark: Once we had proved 3.8, Theorem 3.12 could have

been proved by induction over &lt;£, since s 1s a stratified

term. At any rate, the argument is straightforward and

elementary, although checking the detalls of each step

results in a lengthy discourse. However, famlllarity with

[7] and with the type of argument used in Sections 1 and

2 to demonstrate other forms of symmetry should suffice

to make the above argument for Theorem 3.12 convincing.

following [7] we make the definition:

Fel3e Definition: L= {x | od (x) € NO

[, is a constant, stratified term (since s is) and may

ne

J)ald

assigned any type.

Lemma: — 9 € s($8¢) =&gt; (0 € NO_ &amp; © &lt; §)

Proof: The proof is by induction on &amp; (over &lt;), and

is exactly as in the proof of T1ll of [7].
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Note that it follows from 3.14 that if x e y and

y €L (or even y&lt;&amp; NCQ) then x € L.

Let 1 denote the class of formulas constructed from

x € y and x =y by using quantifiers relativized to L

and truth-functional connectives. That is, TT 1s the smallest

class of formulas satisfying

(1) x €® y and X = Y are in Tm for each pair of

variables x and vy:

(11)

(A &amp; B)3;

if A and 8 are in 1, so are mA, (Av B) and

(111) if A is in 1], so are (3x)(x € L &amp; A) and

(x)(x € L =&gt; A), for each variable x.

For each formula A of TT, and each variable x not

scouring in A, we let A(X|y_peeeyTn) (Where Jgo,eee,,

are the free variables of A) denote the result of replacing

each occurrence of z € LL by 2 es x (where z is the

variable of a quantifier introduced in the construction of

A as a member of my. Each such formulae is equivalent to

a formula of TT with free variables X,¥gye+.¥y. Note that

any formula of 1] is stratifiable in such a way that all of

tts free variables are assigned the same type.

Je will need the fact that Jjor any x € L

10209 e® Xay

Sod (y, | a(x y. y a 5B 5H . J aM iq
——

&amp;

and any

yc

=
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That is, that any set y = NO which is first order

definable over x, relative to e®, is again a member of

L. The proof uses standard techniques for constructing

sets based on the analysls of the syntactic structure of

A (as a member of mM. It is first necessary to prove

Lemma 3.16 (below), which follows from the analogues of

T14 through T26 of [7] for s. (As noted in Section 2 of

[7] these are all provable in NF.] First we define:

3 } a Definition: (x Ky)” = &lt;u, v&gt;S | a —
i . rv ES y§

3.16. Lemma: | X,y € L =&gt;

[(xxy)S EL &amp;xuy €L&amp;xny €L &amp; D%(x) € L

&amp; xnE%€ L &amp; Cnv,8(x) € L &amp; Cavp®(x) € L &amp; Cnv,%(x) € LI.

Proof: The proof for the last six terms depends on the

fact that the set {oag(z)| z €° t} is bounded in NO (where

t is the term for which t € L is being proved). Once

this is established, t € L. follows by the analogue of Tl7

(from [7]) for s, and the appropriate analogue for s from

719-24, The exceptions are xny € L (which follows

immediately from the analogue of Tl5), xvy € L and

(xxy)° € L.

Je treat this latter term first. Suppose x,y € L.

Then if 6 = max (0d (x), 0d. (¥)), by 3.1% and the definition

 eo} il fa]
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0d (&lt;u, v&gt;®) &lt; J,(J1(0,0), J,(6,0))

Whenever uu € x and v €° y or v € x and u eS y

Thus there is a z € L such that (xxy)®&lt; z and

(yxx)® € z., Thus we have

(xxy)S =2zn (Vx v)%n cavy (zn (Vx x)5) ( 1)

and z n(Vxy)S € L by the analogue of Tl4. Also

zn(vxx)®e L, and thus z nCnvy°(zn (Vx x)%) € L as well.

Putting these together with (1) gives (xx y)° € L.

To show xuy € L, we again note the existence of a

L with xvy £z. But then

guy = (znxX)n(zny) NZ

shich is in Lu

Jedoe Definition:

aioe Ax and 7 r v

&lt;XqgeeeygX 55 =
n+l

Ae

seeyXypq&gt;&gt;

3.18, Theorem: Let A(T seeesTnEyseessXn) be a formula or 1]

with only the free variables exhlbited, and let x,y,z be any

variables not in A. Then,

 (x) eee(yXv,€X&amp;unut y € x =&gt;

3z)[z € L &amp; (y)Iy €° z &lt;=&gt; (Ix). (Ix) ((x] €° x &amp;..u&amp; xX _€°x)

yy = &lt;X.
5

S
ese gX &gt; 5

» 9 1 ) &amp; A(x Tiyseeesdns: 1 eensxy)) 10,
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Proof: We must prove this more general result in order

to proceed by induction on the construction of A as an element

of TT. If Ais xq = xq then we take z = x. If A is

xq e® Vis then we take 2z = yqN Xe If A 1s Yq e” Xys we take

z = D3((fy3®xx1)°n8°).The other possible atomic formulas

are treated similarly. If A is -B, then we take

Z =(X X(XX(eosxx)%...)%nzqwhere z; 1s the element

given by the induction assumption for B.

If Ais (B v C), we use the cross product (uxv)S and

the iterations of cov,” cnv,® and env 5° in the usual

way to adjust for the difference between the free variables

of B and C, and then use union. If A is (B &amp; C) we treat it

as &lt;(7B v-7C). If A is (dx )(x  € L &amp; B), then A(x] oes) is

(3x) (xg e® x &amp; B(x| «..)). Then if z, 1s the element of L

given by the induction assumption for B, then setting

Zz = D%(z4) establishes the Theorem for A. Universal

quantifiers are treated as negations of existential quantil-

fiers.

The relative interpretation of the weakened form of

Zermelo set theory we will consider is obtained by restricting

attention to those elements® of L with =x = x* (equivalently,

by 3.12, those x for which 0d _(x) is a Cantorian ordinal).

3.19. Definition: LO(x) =;, x € L &amp; C(0d (x)).

Evidently 18(x) is not a stratified formula. Note
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that LY(x) &lt;=&gt; Xx €L &amp; Xx = x* by 3.12 and 1.1%,

For each formula A in TT, we define AC as the result

of replacing each instance of z € L in A by 1C(z), where

Zz 1s the variable of a quantifier introduced in the con-

struction of &amp; as an element of TT. We define AS(x| ...)

as the result of similarly relativizing each quantifier of

A(x | .0e) by Lia). [For example, (4z)(z E35 X &amp;uue)

becomes (3z)(L°(z) &amp; Zz € X &amp;ees).]

For each formulae F in the language of set theory (ie.,

a formule of the first order predicate calculus whose only

predicate symbols are € and =) the C-translate of F 1s the

result of replacing every instance of € by e® and

relativizing every quantifier by 8.

We show first that the C-translate of the excensionality

axiom is a theorem of NF, following this by treatment of the

axioms of foundation, palring, union and power set and the

axiom of subsets in the case where the defining condition

has only relativized quantiflers.

3420, Lemma :

(1) + [x,y L&amp; (2)(z ex &lt;=&gt; 2 y)] =&gt; x wl

RE L agrl 2

(11) } 1.80%) &amp; (3) &amp; (z)(L%(z) =&gt; (z €°%x &lt;=&gt; z %y)) 1]

o— I yV
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Proof: (i) By 3.1%, x € L =&gt; x £NOg. If x,y €L

and XxX # y, we may suppose without loss of generality that

there 1s a © € NO, such that 6 € XNny. But then

s($ef) € L, and s({el) c® x, 1s $6¢) es y, Which estab-

lishes (1).

(11) Suppose 1l(x), L(y) and X # y. Then we may

suppose Xny 1s non-empty. Let 6 = min. (xny), so by

3.14, 9 &amp; NOge

any

Since x = x%* and vy = y* (as subpsecLs

6 &amp;€ NO

N —
ug. ANY &lt;=&gt; 86 € XxX &amp;d € y

or NU), Torx

&lt;==&gt; O% € x &amp; 6% ec y

&lt;=&gt; f* € XNTYT.

Then by 1.14 © = 0%, so that 1C(s({6?)). But we also

have s( $0?) e® x and —18(¥6¢) €° y. Thus the proof of

(11) is complete,

3.21.

Next we

Lemma :

prove the C=translate of the axiom of foundation.

= 8x) =&gt; [x=Av (IP)(L°(y) &amp; y € x wynx = A)]

Proof: Since (x), we have x = x*, Then if

x #A, set 0 = min_(x); thus by 1.14% 6 = 8%, and hence

t8(s(fe)) and s({e}) €° x. Furthermore, if y €° s(%of),

we have od. (y) &lt; 0 by 3.1%, and hence —1y e® x by the
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definition of 9. Thus xnNs(§{6f) = A and the proof is

complete,

The C-translate of the axlom of pairing is evidently

provable in NF: If 1°(x) and L(y), then

fx,y1° = {oa (x), odg(y)f = fod_(x), oa (y)f*.

Jello

eco

Definition:

(Un)s =4p {0050 | B2)y € za 2 € ND

Lemma: (1) + xeL=&gt; Ux)%e L

(11) F (x) =&gt; 8(Ux)®)

Proof: (i) By 3.14, if J €® (Ux)S, then 0d (y) &lt; od_ (x).

Thus there is an element z of L such that (Ux) ® ¢€ L. But

then (Ux) S = D°(Cavy (ESN (zx x)%)) which is in L by 3.16.

(11) Suppose (x). Then Xx = x¥, so by 3.8 and 3.12,

if v € L

y 3 X &lt;==&gt; \ ad eS X

Moreover, if y &amp;€° x we have od (y) &lt; 0dg(x) by 3.14, so

that there 1s a © &lt; 0dg(x) with e* = od_(y). (By 1.3,

since c(od (x)). Then by 3.12, ¥y = S( fol), and by (1)

s({ef) €° x.

Thus if u € (Ux)®, so that for some z, u €z ;and

&amp; x, we have u* € z* and z* €° x, or u* e® (Ux)s.

Moreover, if u¥% € z and =z es x, then for some y &amp; L,
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z=y* and u € y, y € x, that 1s u € (Ux)S, ~ Thus

if u €&amp;L, u€®Ux)S &lt;=&gt; ur 8 (Ux)S. Pinally, since

for every u €° (Ux)® we have 0d (u) &lt; Od (x) ~~. and

c(od.(x)), we must have LC((Ux)%).

3.23 does not quite prove that the C-translate of the

axiom of union is a theorem of NF, since the quantifier in

the definition of (Ux)S ranges over all of L. Evidently

if (x), Lu), and 1°(z), and if u € z z €° x, we

obtain u € (Ux)®. To prove the converse, suppose (uw),

(x) and uw € (Ux)S. Then let

fy &gt;

. fo |u € siiel) &amp; s(i0}) €5 x},

and set °, = min A.

If © € A, then by 3.12 and

= u¥, x = x%*).

3.8, (and the fact that

u eS s({o%t) and s(io*f) &amp;€° ¥

30 p¥ &amp; a. Moreover, if 6% € A, Wwe nave

i: 2 o(§0f) and s(Sof) €S X

again by 3.12 and 3.8. That is © €A.

1s bounded by 0dq(x) (by 3.14) we have A

C
= 6,% by l.14. Hence L (s({e tN), and

Then since A

= A¥*_ and hence

i

1} eg s({e .§), s(§0,8) €° x

DV (1).
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Thus the C-translate of the axiom of union is a theorem

Hf op

3.24, Lemma:

F(x) &amp; 1S y) =&gt; [(z)[(L°[(LY(z) &amp; z €8 x) =&gt; z € y]

===&gt; X Sy)

Proof: Suppose L(x), L(y) and

(z)[(LC(2) &amp; z €8 x) =&gt; z €° yy]. If x £5, then xXN7Yy

is non-empty. If we set 6, = min _(xn7y) then 6, = 0 ¥

(as in the proof of 3.20.11), so that 8(s( {0 1); also

s(§0.3) €° x while —s(f0 3%) €® y, which completes the

proof of 3.24.

3e25. Definition: PS(x) =i 0d (y) | vy Ex { N NO.

Note that if x € L, P°(x) £NO,. To prove that the

C-translate of the axiom of power-set is a theorem of NF 1¢

is sufficient to show 1C(P5(x)) if C(x). [For by 3.24,

if 8x) then x y Af and only ifx and y satisfy the

appropriate translatedformula =-- namely

(2)[(1°(2) &amp;z2c x) =&gt; z €° vile,

3.26, Lemma: | L(x) =&gt; 1(p%(x)).
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Proof: (1) We first prove P(x) € L whenever

C(x), by using the analogue of T28 of [7] for s. (As Orey

notes in Section 2 of that paper, this analogue is a theorem

of NF.) Let 6 = 0d (x), so © = 6% Dy assumption, Thus

if wg is the least element of W greater than ¢ (which

exists since © &lt;Q) we evidently have wy = (wg)*, and

hence 6 = 8%, Then one also has wgy) € NO (since wy &lt;Q,

Then since wg, We 1 € Val(J,), if ux and u€ L then

= s(fwgf); hence by the analogue of T28 for s,

u €° s(§wgeqf) That is,

P(x) &amp; s(fwgeqf). (1)

But we also have x &amp; s(fw,,.5), so that P (x) has exactly

those ES-members 2 which satisfy

(7) (yy € swf) &amp; 5 € 2) =&gt;y3 € x.

That is,. P°(x) is first order definable over s(fw,,,1),

and thus P°(x) €L by 3.18.

(11) It remains to show PS(x) = P°(x)*. By (1), and

the fact that Weyq = (wg+1)*, Lt is only necessary to show

pS(x) &lt;=&gt; o* € P°(x)

But we have

3 ee po (x) &lt;=&gt; s({06f) &amp; x

&lt;=&gt; s({6f)* € x* = ~

&lt;=&gt; g(§0%{) € x

c=&gt; 0% € P5(x)
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shich completes the proof,

3.27. Lemma: Let A(yqseees¥y) be a formula in Tl witn only

the free variables exhibited, and let x be a varlable not

occurring in A. Then:

- CL(x) &amp; V-seees¥p eL =&gt;

[A(X | Fpseeesy) &lt;=&gt; AZ| ¥1%50e0,7,*)]

Proof: The proof is by induction on the construction

of A as a member of 11. Let x be fixed, and assume L(x).

If A contains no quantifiers (as a member of 11), then

A(x | +...) does not contain =x. The statement for A in this

case follows easily from 3.12, 3.8 and 1.7. If A is -B,

(BvC) or (B&amp;C), then the statement for A follows from

the same for B (and C) by elementary logic. The case of the

universal quantifier can be reduced to the above and the case

for the existential quantifier, so 1t remains to conslder

this case. If A is (Iv) (v, &amp;€L &amp;B), then A(x| ...) 1s

(dy )(y, €° x &amp; B(x] ees)). Suppose the statement holds for

B, and let Tiseeesy be fixed elements of L such that

y;1€ L (1 = 1lyeeeqn).

(1) If y, € x, then by 3.1% 0d_(y,) &lt; 0d (x). Thus

there is a © with od_(y,) = 0%, and hence y_= s(fof)*

by 3.12.

iO)

(11) Assume A(x] Yyseees¥,)s SO that for some

&amp; x, B(x| TosTiseees¥yle Evidently y, € L, so by
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the induction assumption we have B(x|To*sV*seees¥*).

But by 3.8, and the fact that x = x¥%, this implies

y¥* ® x, and hence A(x|T1®seees¥n*)s

(111) Assume A(x |¥1*,...,¥n*, SO that for some

yo € x, B(x| Yos¥1*seeesVp*). Then by (1) there is a

zZ, € L with z,* =y,, and evidently Zz, €% x, Thus by

the induction assumption we conclude B(x | ZgsFyseees¥y):

and hence A(X |¥y,eess¥,)s completing the proof.

3.28, Lemma: Let A(FqseeesVy) be a formula in 1 with only

the exhibited free variables, and let x be a variable not

sccurring in A. Then:

— L(x) &amp; L(y) Leoek LC(yy,) ==&gt;

[AC(x|yyseeesty) &lt;=&gt; A(X Fyuues¥p)]

Proof: The proof is again by lnduction on the con-

struction of A as a member of TT. If A contains no quantifiers

as a member of 17, then 24%(x|+..) = A(x] ...), 8nd the state-

ment holds trivially. If A is -B, (Bv C) or (B &amp; €),

the statement follows from that for B (and C) by elementary

logic. It thus suffices to consider the case where A 1s

(39,)(¥, € L &amp; B). In this case, &amp;%(x| ...) 1s

(Ir )(L8(y,) &amp; 7, €° x &amp; 8%(x| ...)) end A(x] ...) is

(dy (vy, € x &amp; B(x] ...)). Suppose the statement holds

for B, and suppose XyJ1seeesy, 8re fixed sets with L(x)
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and LC(y4) holding (for each i = 1,...,n).

If A%(x| Y1seees¥n)s then A(x | Y1seees¥p) follows

immediately by the induction assumption.

If A(x| yy,...s¥,) holds, let 6, be the least 6 with

s(fef) €5 x and B(x | S(£08) 357seeesdy). We will show

95 = 0o*: if not, and 0% &lt; 6,, then

s({0,*f) = s({o,f)* es x

(by 3.12 and 3.8) and we have B(x|s(£0,%8),51se0esTp) by

3.27; but this contradicts the choice of 6,. If, on the

other hand 0, &lt; 0,%, there 1s a &amp; &lt; 6, with &amp;* = 8,.

Then one 2130 has s($64) €% x, and by 3.27 and 3.12 we have

B(x | 8($68) 371000570)» again contradicting the choice of

0,. Henee s(§0,8) = s(fo,})*; that 1s, LO(s(fe.f)). But

this implies

LC(s({0,$)) &amp; (30,5) €® x &amp; BC(x|s({6,5)s¥1s009s7n)

by the induction assumption. Hence AS(x | TiseessTp)s "and

we are done.

From 3.27 and 3.28 it follows that the C-translate of

every bounded axiom of subsets is a theorem of NF. [That is,

the C-translate of each of the statements expressing "the

subset of x defined by O((Ts¥1se0esTn) exists® (where

the quantifiers of Jl ere relativized to x and Tyseees¥y,

are elements of x) is a theorem of NF.] The C-translate of
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such a defining condition ax is of the form

a(x TsTqseees¥,)s where A 1s a formula in TT. If we
C

suppose that 1%(x), LE) peeesl (v,) hold, and let

7 Sol oe no_ &amp; A(x|(£03), yyseeeryy) &amp; s(fol) €° x

Then evidently z2&lt; x and z € L (by 3.18). Horeover, as

in the arguments for 3.27 and 3.28, we easlly show 2 = A

that is f(z). Finally, if “9, by 3.28 we have

§
~

ham - 2 Comms y SE X &amp; aS(x YsVree0es¥y,)

Thus z is the element of L whose existence 1t was required

to prove.

It does not seem possible to prove that the C-translate

of every instance of the full axlom of subsets 1s a theorem

of NF. The difficulty arises when we attempt to obtain

analogues of 3.27 and 3.28 for arbltrary formulas in 1, and

sssentially stems from the fact that C(x) is not a

stratified formula.

Let B, denote the system of set theory which consists

~f the axioms of extensionality, foundation, infinity, union

set, power set, and all axioms of the forn

(3)(77) ere) (32) (Ny €2 &lt;=&gt;F Ex &amp; OL (F,37,500017,)]
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(where Zz does not occur in ac, and every quantifier of ox

is relativized to x).

3.29. Theorem: The operation of passing from a formula in

the language of B to its C-translate provides a relative

Interpretation of B, in NF.

The only axiom whose C-translate has not already been

proved 1s the axiom of infinity. However s(§w.t) is

evidently an 1C-set, and the statement expressing the

fact that s($w.%) is 1C-infinite is easily proved. [For

If 0dgq(x) &lt; wg, then od ( x3 %) &lt; w, as well, Moreover,

if 1C(x), then L( x37), by 3.17.1].

Remark: Bg 1s roughly equivalent in strength to the

cumulative theory of types with an axiom of infinity. One

can in fact prove that the C-translate of the axlom of

constructibility, (V = L), is a theorem of NF, although we

will not do so here, However, a relative interpretation

of B, + (V =1) can be obtained in B, by the standard

GBdel techniques, and thus B, + (V = L) has a relative

interpretation in NF.

B, 1s apparently the strongest standard set theory

for which a relative interpretation in NF can be obtained

by the present techniques. If we extend NF by adding the

sentence (wy. E&amp; NO) as an additional axiom, 1t is not
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hard to show that € restricted to €S-elements of

s({w, 5) provides a relative interpretation of Zermelo

set theory (in this extension). [Any subset of a set

x € s({uy,§) which is definable over s( {wy f) (in terns

of €®) is in L, by 3.18, and 1s an c® -member of s( {wy §)

by the analogue of T28 of [7] for s. Thus the full axiom

of subsets 1s provided for in thls interpretation. It is

an easy matter to check that the other axioms of Z pass to

theorems of the system NF + (wy, € NO) under this inter-

pretation.]

The remainder of this section is devoted to proving

that the C-translate of each instance of the axiom of

replacement of Zermelo-Fraenkel set theory 1s a theorem

in NF, (see Section 2). This will be accomplished by proving

analogues of 3,27 and 3.28 for arbitrary formulas of 1T,

where of course each statement willl be a theorem of NF,

rather than NF.

Je 30 Theorem: Fg c(8) &lt;=&gt; stC( 9)

Proof: If stCc(8)., then §
&gt;
- B] ) = A¥zo J = HF Thus

$s] 6&lt;ef=1{s]s&lt; 3

and hence 6 = 6% by 1.15. Conversely. DY 2.25. 2.26 and

1.23, if C(6) then stc(e).
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Let R(Xye009%y) be any formula whose free variables

ATE XyyesesX, and which can he stratified 1n such a way

that all of the free variables of R are assigned the same

type. We let K(R) denote the set

fo 0 € Val(Jy) &amp; (3x9) eee(dxy)[xyye0e,X) es(fef)

&amp;=1R(Xy,000,%,) &lt;=&gt; R(X *,000,X,%))]

[Note that under the assumptions made above on R, K(R)

is a constant, stratified term.] If K(R) 1s empty, then R

is symmetric (with respect to the *-operation) for all

elements of L. If not, then let °, = min K(R). We show

next (under this assumption) that

!
A we 9 E val(J ) &amp; 6 &lt; 0,

x (6)(8 €vVal(J,) =&gt; (6 20 ve, &lt;8))] (1)

That is, 9, has an immediate

relative to the ordering &lt;.

nred cessor in Va ll Ja)

Proof: Let
Ss

X¥ «.esX, be such that FireeesXy € s(§e.f)

2..1d.

“1(B(Xq,0005%p) &lt;=&gt; R(X,¥y00e,X ¥))

For each 1 =". soon let 0, = 0d (x4), so that 0, &lt;0

for each such i. Let 6 be the maximum of O1900esf so

that 6 &lt; 9.

gv X
A “oJ

There can be no element A of Val(J,) with 8 &lt; Xx &lt; 6,

since otherwise \ € K(R), contradicting the cholce of 6 _.
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Moreover there are ordinals 6,,56, and an ordinal A, =&lt; 8,

such that

J( ~h146.,0, 1 3)

Then if 6&amp;6 € Val(J,) we are done, SO We may suppose Aq

But then J(&lt;0,5,,82&gt;) € Val(J,) and J(&lt;0,07,8,&gt;) &lt; 0.

Moreover there can be no \ € Val(J_,) with

@

J(&lt;0,684,85&gt;) &lt;
a

+J

since this would imply 6 &lt;3?
-

- 0, That is, J(&lt;0,87,582&gt;)

1s the desired ordinal, and the proof is complete.

If t is any constant, stratified term, we let b(t,R)

denote the term t if K(R) = A, and we let it denote the

term min (t,97) if K(BR) # A and ©, is the predecessor

in Val(J,) of minK(R). That is:

5(t,R) =. (10) [(K(R) = A &amp; 9 C)

J (38)[6 € Val(J,) &amp; 6 &lt; min K(R) &amp; © = ming(s,t)

&amp; (A) (x € Val(J,) =&gt; =(6 &lt; x &lt; min _K(R)]].

Then b(t,R) is a constant, stratified term; we see immedi-

ately that Db(t,R) &lt;t if t € NO. Moreover,

b(t.R) € Val(J,) if t € Val(J,), and in that case, for any

X1seeesX, € s({b(t,R){) we have (by the definition of K(R))

AL X71 oe 3X5) &lt;=&gt; R(xq*, Pr) es Xn ¥*)
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Finally, if (9)(C(8) =&gt; 6 &lt; t) then the same is

true for b(t,Rj}; that 1s

{ 3 4g o(8) =&gt; 0  b(t,R)) 4

Indeed, elther b(t,R) 1s t, or the successor of

b(t,R) in Val(J,) is min K(R). In the first case the

statement is trivial. In the second case, if C(b(t,R))

then stC(®(t,R)) by 3.30. But this lmplies stC(min K(R)]

(since there are exactly 8 ordinals between two adjacent

elements of val(J,)) which contradicts the definition of

K(R).

Thus we have wIuvdaQ

3.31. Lemma: Let R and t be as above and suppose t €&amp; Val(J,)

and (6)(C(9) =&gt; 8 &lt; t) are theorems of NF, . Then:

(1) Fry b(t,R) &lt; t &amp; b(t,R) € Val(J,)

(11) Fir, (8)(c(8) =&gt; 6 &lt; b(T,R))

(11) (x7) 00a (Xg) [Xqse0nsx, € s({p(t,R)) =&gt;

(R(Xqg000yX,) &lt;=&gt; R(X1%y0009%,%)) 10

For each A in |] we define the bounded form of A, A',

snd a term t(A) as follows:

(1) if A is constructed in T using only truth-

functional connectives, then A' is A and t(A4) is Qe
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(11) (AA)! =1(A') and t(=4) 1s tly)

(111) (Av B)' =

min_(t(A),t(B))

( A a3
Te

gg A v BR) is

(iv) (A &amp; B)' = (A' &amp; B') and t(A &amp; B)

min_(t(A),t(B))

is

(v) if A is (3x)(x € L &amp; B), then A' 1s

(3x) (x €° s({t(B)}) &amp; B') and t(A) 1s D(t(B),A').

(vi) if A is (x)(x € L =&gt; B) then A' is

(x)(x €8 s({t(B)) =&gt; B') and t(A) 1s ©b(t(B), A') &amp;

Note that t(A) 1s a constant, stratified term, for

egch A in TT. Using 3.31, we prove next the analogue of

3.27 for arbitrary formulas in 11.

3.32, Lemma: Let ne any formula of mT with free variables

Cc sr e9X Then

(1) Far, t(R) £0, &amp; (4) € Val(J]

(11) Fr, (8)(C(6) =&gt; 6 &lt; t(A))

(111) vr, (X13) eealx )lXgs0ees®y = s(§t(a)}) ===&gt;
(AM (Xqpeee,X)&lt;=&gt; A(x *,.00,x,%))].

Proof: The proof proceeds by induction on the con-

struction of A as a member of TT.



—

Nr

(1) If A is x e y or x =y, then t(A) =Q,, so

(1) and (ii) are trivial. Moreover, (iii) follows from

3.8 0 1.7.

(11) If A is-B, (Bv C) or (B &amp; C), then (1) and

(11) follow trivially from the induction assumption. Then

t(A) &lt; t(B) (and t(a) &lt; t(B)), and all are in Val(J,),

so that s({t(a)})=s(§t(B)}) (and s({t(a)f)Ss(ft(c)f))

Then (111) for A follows from the induction assumption for

B (and C) by elementary logic.

(111) If Ais (3x)(x € L &amp; B), then (i) and (ii) for

t(A) follow from the induction assumption for B and 3.31.

Moreover, t(A) = b(t(B),A'), so that (i111) follows by

3.31.11.

3.33. Lemma: Let A be any formula in TT with free varlables

ZiseeesXye Then:

Fp. (X71) eee (x )[LO(x)) &amp;...8 L(x) =&gt;

(A%(x,, see 'vX,) &lt;=&gt; A? (xq, ese yX,)) 1]

Proof: Again, we proceed by induction on the con-

struction of A in Il. If A is x e® y or x =yY then

pA = A' = AC and the statement is trivial. If A is -B,

(B&amp; C) or (B v C), the statement follows from the

induction assumption for B (and C) by elementary logic.

It Chas suffices to consider the case where A 1s

(3Jx)(x € L &amp; B). Then AC 1s (3x )(z°(x) &amp; B®). and A i
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Aa.

J

1s (3x)(x € s(§e(B)}) &amp; B'),

Let Xj,e.0,%, be fixed elements of L such that L(x,

holds for each 1 = l,...4n.

(1) If INTC holds, then for some x with

L(x) we have BE(2,X yeeesXy). Thus by the induction

assumption B'(XyXqgeeesXp)e Moreover, since x = x¥* and

t(B) € Val (J) we have x €°% s({t(B)?%), so A'(FigeeesX,)

holds.

:

 IL
-

Co.

L
-

Lp

(11) te. oy “i
=

Ve Sup.ode A &gt; y } . Xl holds, and

fo | s({od) € s({t(8)3) &amp; B'(xo7ppeanrxy)f (1

kvidently z is non-empty, and we set 0, = min_z. (Note

that the condition is stratified, since each of the terms

occurring in B'(Yyseee¥,) are constant and stratified.)

We will show B, = 0%: 1f 0, &lt; 6%, then for some 6 &lt;8,

we have 0_ = 6%, Moreover, 0,  &lt; t(B) by 3.14, and hence

s(§67) €° s({t(B)}), since t(B) € Val(J,). Hence by 3.32

we have

B82 (s($8%), X1seeesXy)

which contradicts the choice of 0_. If 08,% &lt; 6,, then

s(§0,%3) € s({t(B)}) and B'(s(§0,*f),X1,0000%y) bY

similar reasoning, again contradicting the choice of 90,.

sut 6 = 0% implies LO(s({eyf)), so that by the

induction assumption for B we have

(3x) (%(x) &amp; BO(XuXypeensX ))e

nac is.
wv

A (x. a &amp; A &gt;). and the proof is complete.
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3.34%, Theorem: Let A be a formula of [| witn the free

variables X,¥,XjyeessXye Let Bi(ZyX y00esX)) be the

formula

(x)[x € z =&gt; (3,7) (A(x ¥ esx)

and let B,o(ZsX peeesX) be the formula

(Ju) (7) [y €° u &lt;=&gt; (Ix) (x €5 2 &amp; A(~ ¥ T.y00eyX ))]

Then
| C

NF, [(z) (x9) eee(x,)[By(2,7.. ee X) =&gt; Bo(z TyreeesX )]

Proof: Let ZyXygeeesXy be flxed elements of L such

C
that L (2),L5(x) ye 00s L(x) all hold. Then by 3.32, for

ony X,y €° s($t(a)f) we have

suppose

AY (XT 97 seeesX,) &lt;==&gt; A (X*, 5% YoeeeesX)

B C(z.% 1eeeyx ), so that by 3.33 we have

B-'(2,%,, coesX

{ L}

(2)

(1) Then (2) implies that for each x € z there

1s a y € s(§t(A)f) such that A'(X,¥,Xjye..,%,) holds.

In fact, by (1) and the fact that (2) holds, there is

such a y with y = y*. (Take the y with minimal 0d (y).)

(11) We can show that for each XX ez, the y given

in (1) is in fact the only set satisfying

y €8 s({t(A)8) &amp; A'(X,FyTqseeesXy)e Ls 3 ]
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For if not, then there are two elements of IL, say y,

and y,, both satisfying (3) (for. y) end such that 1(y,)

and L°(y,). Indeed, we need only conslder the first and

second such y (when ordered according to the ordering on

0d (¥)) and apply (1), as well as 3.33.

Thus if we set

1 9to | (3x) (x €° Z &amp; A '( x,s({0f) x
. . 9 12°°°*s(ft(Aa or

3) ¢

we have u = u¥* by (i) and (ii).

Moreover, with the help of 3.18 we can show u € L.

Although the quantifiers in A' are not relativized to a

single variable, we can construct an equlvalent formula

which satisfies conditions of 3.18. That is, let t be a

term which contains each of the terms appearing in A' (as

relativizations of quantified variables) as €S-elements

and subsets. Then an equivalent formula to A' in which

each quantifier 1s relativized to E-.elements of t can

easlly be constructed.

But then 1é(u); thus By'(ZyXqs00esXy) holds (by 3.32),

and thus By%(Z,¥(,+..,%,) by 3.33. This completes the

proof of 3.34.

By proving 3.34 we have shown that the C-translate of

each replacement axiom of Z-F 1s a theorem of NF. Since

each instance of the axiom of subsets 1s derivable in B,
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from the replacement axloms we have proved:

Main Theorem I: The operation of passing from any formula

of the language of Z-F to its C-translate in terms of ¢°

and L provides a relative interpretation of Z-~F in NF,.

Remark: As noted in the remark on page 72°, a relative

interpretation of Z-F + (V =L) in NF, can now be obtained

be well-known techniques. It is an open question, and

apparently a very difficult one, as to whether or not NF,

(or even NF) is free from contradiction. Consistency proofs

have been given for some fragments of NF (see [1] and [5]),

but the proofs can be carried out in a system of elementary

number theory. Thus, by the G8del Incompleteness Theorem

and the fact that NF ls evlidently adequate for number theory,

these fragments fall by a wide margin to achieve the strength

of NF.

In Section 6 we show that Rosser's Counting Axiom

(Axiom 14% of [R]) is not a theorem of NF (unless NF is

inconsistent). Since this statement, which 1s equivalent

to stC(w,), is a theorem of NF, (by 3.30) we see that NF,

is a non-trivial extension of NF (unless NF is inconsistent).

This would seem to reinforce the view that NF is not itself

a sufficiently strong set theory to possess a relative inter-

pretation of Z-F. However the situation is somewhat more
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complicated, We consider in Section 4 a second extension

NE, of NF which results from adding as axioms a class of

stratified statements, and the method of proof of Section 6

is not sufficient to show that NF, 1s a non-trivial extension

of NF. (Of course it may be.) Moreover, by a variation of

the above argument for NF_, we show that Z-F has a relative

interpretation in NF.

It will be more convenient in carrying out the argument

in Section 4 mentioned above to deal with a relation between

ordinals rather than one between subsets of NO, The

remainder of this section is devoted to the construction of

the appropriate relation.

3e35 Definition: Ag =gqp byq

Note that A, is a constant, stratified term, and thus

can be assigned any type. Moreover, since Val(J,) &amp; NO

(and evidently Val(J,) has the same cardinality as NO) we

have Ne(NO) = Nc(NOg). But then

Ed

~~ smor, (Nog] &lt;[ No)

(see 2.7). Moreover, since by 3.8 and 3.12 we have

od
em

10, Cm=&gt; Ok = iN LU
Q J

.
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for any © € NO, we can prove

Ag (0%) = A_(0)* (2)

for every © € NO. (See the proof of 2,12; the proof of

(2) is essentially the same, and depends only on (1)). That

is, we have proved:

Jee Lemma : (1) &lt;smor, (no |&lt;[Nog)

1) FF o(6)(AaL(e%) = a _(6)%;

We now define the relation on NO to be used in

Jection 4:

3e37 Definition: R(0,8) =gp 0g(0) € s({ag(8)f).

R =4¢ §&lt;0,6&gt;| R(0,8)§ .

R(06,6) is stratifiable in such a way that © and &amp;

A

are assigned the same type, and hence R is a constant,

stratified tern.

A
RQ differs from €E° (restricted to L) only in form,

2 9

30 0a

the next theorem shows.

Theorem I RUSC(R) smor ( €5[L).

Proof: Let f({ef) = s({a (0)f) for each 6 € NO.

Then evidently f € Funct and Arg(f) = USC(NO). More-
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over, since val(a,) = NO_, we see that val(f) = L. Also,

Ag € 1-1 and (UsC(NO_)]s) € 1-1, so f € 1-1. That is,

AV(RUSC{(3)) sm. AV(c TL).

ve also have

2(9,8) &lt;=&gt; a_(0) € s({a,(6)})

&lt;=&gt; s({a_(0)f) €® s({n (8)f)

shich completes the pL ool

Remark: For any © € NO, £(§o%}) = £(£6%)*, by 3.12 and

3.36. That is,

p(foxt) = s(§a_(e*)f) = s(}a_(0)73) = sia (e)f)*.

S
As we did for € and L, we define the class 2 of

formulas which are constructed from R(9,8) and © = 6 DY

means of truth-functional connectives and quantifiers

relativized to NO (le. quantifiers with variables denoted

by lower case Greek letters.) That is, Z is the smallest

class of formulas satisfying:

3 LD

(1) R(6,6) and © = § are in Zz. . for eny variables

(ranging over NO):

(11) if A.B are in 2 so are VA, (~ v B) and (A &amp; B):

111) if A is in &lt; . then so are (38)A and (o}a,
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Every formula of 2 can be stratified in such a way that all

its free variables are assigned the same type.

For each A in Zz we define the relativization of A to

Centorian ordinals, AS, in the obvious way. Then using the

ismorphism f given in the proof of 3.38 we obtaln:

3.39. Theorem: Let A be any formula of Zz, with free

variables 0 9eeesf and bound variables +1009 (as
A

a member of 2). Let A be the formula of Tl obtained from 4

by replacing each variable 04 by Xj by relativizing each

resulting quantified variable to L and by replacing R(03,94

by xy es Xye Let f be the isomorphism defined in the proof

of 3.38. Then:

(1) F804) uen(® I TACO ,0eny8)&lt;=&gt; A£({0,}),00(fo80)1.

(11) (87) 000(0 ILC(8)) &amp;.0ut C(O) =&gt;

(8€(0,,000,0,) &lt;=&gt; RC(£({0,8),...,0(f0,0)0.

Proof: The proofs proceed by induction on the con-

struction of A as a member of Z .» (1) follows immediately

from 3.38, and (11) follows immediately from 3.38 and the

remark following it (for, C(O) &lt;=&gt; tC(f(§o?)) by that

remark).

~1,

Thus if we define the C-translate (relative to Zz) of

Formula of set theory in terms of R(9,8) rather than
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in terms of e, the results obtained in this section carry

over. Also, if A(0,07500050) is a formula of Z with

free variables 950 900099, in which every quantifler

introduced in its construction as a member of Z occurs in

the form (8)(R(8,0,) ==&gt; ,..) or (36)(R(5,0,) &amp; ——)

(for some 1 = l,...,n), then

— (8,)eeel0_)(36)(0)(R(0,8) &lt;=&gt;

(R(0,0,) &amp; A(0,07,...,0,))].

(where 6 does not occur in A). That 1s, if every quantifier

of A (as a member of 2) is relativized to the f-elements

of one of the free parameters of A, then there 1s a 6 whose

R-elements are exactly the ordinals 6 satisfying A(0,09,000y0,

and which are H-elements of 8,. This follows, by 3.39, from

3.18 and the adjustments made in the course of the proof of

3.34,

The last properties of R needed in Section 4 are (i) that

the R-elements of each Q, are Just the predecessors of 0,

under &lt;, and (ii) thatRhas a symmetry relative to the

¥-operation., We also show R(6,6) implies 6 &lt; &amp;.

340. Lemma: (1) + (90)(8)(R(08,8) &lt;=&gt; R(0%*,6%))

(11) + (9)(R(8,n,) &lt;=&gt; 6 &lt;Q.)

for each integer k —-

Rd

0.
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Proof: (i) follows immediately from 3.38 by the remark

following it, That is,

1( ,8) &lt;=&gt; £({0}) €° r£({6f)

&lt;=&gt; f({e})* €5 r({of)*

&lt;=&gt; f(fo*}) €° r({o%})

&lt;=&gt; R( 0%, 8%)

(by 3.8)

(11) Since QO € Val(J,), we have

a,(0) € s({a,3)&lt;=&gt; b_(8) &lt;q.

Hence 1if a (6) =, (for each k &gt; 0) then by 3.36,

K

od

7
meal

a,(0) e s(fa,}) &lt;==&gt; 0 2

It thus suffices to show A (Gy) = Oy

0, for in that case, (1) reduces to

for

8500) € s(fa(a)f)&lt;=&gt;o(2,

B(o,0)&lt;=&gt; 06 &lt; nN

|.

each

( LJ

»

It 1s easy to show by induction over &lt; that 6 &lt; A, (9) for

&lt; dom

all 6 € NO, (since NO, £ NO). Thus ©  &lt; ag(0) = 0g.

If o, &lt;Q, then for any © € NO, A (0+) m= a (8) &lt; Og

and hence 0% &lt; 6 But this contradicts 2.10, and thus

lp
Wma]

hg {al a’



Ly 3

T'hen using 3.36.11 1t follows that a, = aga) for all

k &gt; 0: that is,

\Agi) = 800%)

= A (Q))*

= Qa ¥* = 0
K+]!

and the result follows by induction over the non-negative

integers.

3 i. emma: (— (0)(8)(R(8,8) =&gt; 8 \y

Proof: If i
NN

lv! , OJ Ra = 8,19) € s(3A_(8){). Thus

NY 11

A, (0) 2 Ag 0,

= J Lr 0 &lt; 8 by 3.36.
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ocection 4:

In this section we show that in a second extension

of NF (NF,, defined below) the difficulties in proving

the C-translate of each replacement axiom of Z-F can also

be overcome. The technique used is, as for NF,, to extend

each unstratified formula of the form 55(01,...,0,) to

a stratified one A'(81,00.,0 ) (by thanging the relativiza-

tions on quantifiers) which has symmetry relative to the

¥_.operation " to some ordinal greater than every Can-

torian ordinal. To do this we need first to prove a

basic theorem concerning functions which are defined on

a segment of &lt;, and which possess a certaln symmetry prop-

erty. Namely;

(6)(6 &amp; Arg(f) ==&gt; [(0* € Arg(f)) &amp; (f(6*) = £(0)*)]) (1,

The central difficulty in dealing with such functions is that

the condition (1) on f is not stratified. However,we deal

with this in much the same fashion as in the proof that the

w-function 1s symmetric in this sense, (See Theorem 2.12

and the remark which follows it.)

4.1. Definition: Let A€f)

following: (i) f € Funct

(11) f &amp; NOxNO

be the conjunction of the

(111) (0)[e &amp; Arg(f) =&gt; 6 &lt; f(6)].
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Then we define:

F=g0 iT] ACE)S.

Evidently F 1s a stratified term, and can be assigned

any type. Moreover, - f €F &lt;=&gt; A(f).

 lL yo a emma: | f = NOXNO ==&gt; (ff € F&lt; .- I'* € P),

Proof: Let f € NOXNO., Then if f € F, by 1.10

f* € Funct. Also, if © € Arg(f*), then by 1.9, © = &amp;*

for some &amp; € Arg(f). Then 6 &lt; f(6), so by 1.3

8% &lt; £(8)*, or 6% &lt; f*(6*) (by 1.11). Hence

f € FP =&gt; f% c PF,

The converse 1s proved in a similar way.

ib, 3. Definition: A(f,8) =, Clos({e{,f)

Remark: In [R, p.245-248] Rosser defines Clos(A,P) for

arbitrary terms A and P, and presents certain conditions

under which it is a useful term. For our purposes, however,

there is no difficulty, since

clos(§ef,f) =

Nix 0 €Ex &amp; (y)(2)[(y € x &amp; &lt;y,z&gt; €F) =&gt; z € x) 1}.

This is clearly stratified if {8} and f are assigned the

same type, and in such a case Clos({6},f) has that type.
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In particular, the set

x| 0 Ex &amp; (y)(2)[(y €x &amp;&lt;y,2&gt; €F) =&gt;2z€ x) 1}

exists, so that the antecedent in each of the Theorems

IX.5.12-15 of [R] is provable for our A and P. Moreover,

the antecedent of IX.5.16 is also provable; in addition to

stating that the above set exists, 1t requires the existence

of the set

{x| x € 0 v (Jy)y ¢€ clos({6f,f) &amp; &lt;y,x&gt; € £)}.

But since the condition is stratified the existence of

this set 1s provable in NF.

Immediate from these cons rations are the following

four Lemmas, each a speclalization of one of the theorems

of [R] mentioned above (together with the equivalence, under

the aEsumpblon, of € Funct, of the statement &lt;y,z&gt; €f

and the statement y € Arg(f) &amp; f(y) = 2):

$4

4.5.

[emma :

Proof:

Lemma:

- 9 &amp; Clos(36¢,f)

Theorem XI.5.13 of [RI].

— f € Funct =&gt; [(x € Clos({e},f) &amp; x € Arg(f))

=&gt; (f(x) € clos(ief,r))].
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Proof: Theorem IX.5.14 of [R].

4.0, Lemma ;

~ f &amp; Funct ==&gt;

[[(0 € x) &amp; (2)(z € x &amp; z € Arg(f) =&gt; f(z) € x)] ==

(Clos( §6f,r) © x)1.

Proof: Theorem IX.5.15 of [R]

Ih .7. = ff € Punct ==&gt; [z € Clos({ef,f) &lt;==&gt;

(z = 0 ,v. (Ix)(x €Clos(§6{,f) &amp; x € Arg(f) &amp; f(x) = z))].

Proof: Theorem . 7,5.,16 oa { / ]

Li, 5. Lemma 3 — i
—

hd  BR =~, [6 € A(8,f) =&gt; 6 &lt; 6],

Proof: Let A = §0|6 &lt; 0]. Then 6 € A, Also, if

9 EA and © € Arg(f), then © &lt; f(9), so f(8) € A as

well. Then by 4.6 At6,f) S A, which is the desired conclusion.

4.9. Lemma on SeRBoom

[0 € Ara(f) =&gt; (A(0,f) = {8% uaA(f(0),f)]

Proof: (i) Let A = $6f uA(f(0),f). Then © € A;

also if 6 € A and 6 &amp; Arg(f), then f(8) € A(f(8),f)
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(since either 6 = © or 6 € A(f(6),f): then use 4.5).

Thus A(6,f) &amp; A by 4.6.

(11) By 4.8, and since 6 &lt; (90), we see that

fon a(f(0),f) = A. Thus, since 8 € A(8,f) (by 4.4).

9 fo A(f(0),f) &amp; A(0,F) &lt;=&gt;

A(£(0),f) &lt; a(e,r)-{65.

Then, since © € Arg(f), we have f(6) € a(0,f) and

0 # (0), so that f(8) € A(6,f)-4{6}. Furthermore, if

5 EA(0,f)-%0f and 6 €Arg(f), then f£(8) € A(o6,f) (and

0 &lt;6 &lt; f(6), so f(8) €a(0,f)-{6f. Thus by k&amp;.6.

A(f(8),f) &amp; A(6,f)-56¢ which completes the proof.

4+.10, Lemma:

(1) [fer &amp;seale,r)] =&gt; (asf) a(0,f)]

(11% + [hf EF &amp; h =f] =&gt; [A(0,h) SA(e,f)].

4.11.

Proof: Both proofs use 4,6, and are obvious.

Lemma ;

— [fe ® &amp; 6 € a(6,£)] =&gt; A(0,f)-A(5,f) &amp; Fin.

proof: Suppose f EP. If 0 ¢Arg(f), then

A(B,T) = $0f, so the statement is trivially true. Thus

we may assume 0 &amp; Areg(f). If for some 6 € A(6,f) we
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nave A(6,f)-A(8,f)&amp;Fin, define

5, = ming{6| 6 € 8(0,£) &amp; a(e,0)-a(8,8) Finf. (1)

Then 8, € A(0,f), so that by 4.7, there is a 8, € A(9,f)

such that 60 = £8). (Note that 5, # 0, by (1)). Then

a(s,,£) = {sf UA(S_,f) (by 4.9), so that

A(0,£)-4(8,,£) = (A(8,£)-A(8),£))u $5.3
re

(2)

(since 6&amp;7 &lt; f(8y) = 5.) But this 1s a contradiction, since

the right side of (2) is in Fin, and the left side 1s not

(by (1)). Thus the Lemma is proved.

3 s LZ Lemma
o
a

(1) + (fer &amp;maxcA(6,f) € NO) ==&gt; A(6,f) € Fin

(11) } (f €F &amp; 6 = max_A(0,f)) =&gt;

(A(0,f)-Arg(f) = £83).

Proof: (i) Suppose f € F and 6 = max A(6,f)., Then

5 £ Ara(f), (since otherwise f(8) € aA(0,f) and 6 &lt; f(§))

so that A(6,f) = $6%. Then,

A(O,f) = (A(8,F)-A(6,F))u$6F

so that by 4.11, A(6,f) € Fin.

(11) By (i), we may induct on the cardinality of A(8,f).

That is, let A(n) be the formula
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(£)(0)(8)[(fF EF &amp; 6 = max A(0,f) &amp; A(e,f) E n)

=&gt; (A(0,f)-Arg(f) = $6})1.

Then by (1), (n)(n € Nn ==&gt; A{n)) is equivalent to the

statement to be proved. Also, A(n) 1s evidently stratified,

so by [R, p.277] we may use the schema of induction over Nn.

(a) If n=1: if A(e,f) € 1, then 4A(e,f) = {6}.

Thus © = max 4(0,f), and © £ Arg(f). Hence

A(0,f)-Arg(f) = Sof, so that A(l) is proved.

(b) Assume A(n): Suppose f €PF, A(8,f)€n+l and

b = max A(0,f). We have then © € Arg(f). Also

A(0,f) - feu a(r(e),f) (by 4.9) and 6 = maxA(f(0),f)

(since 6 &lt; f(0)). But A(F(8),f) €n (by 4.8) so that

A(£(8),f)-Arg(f) = $6

by the induction assumption. Then since 0 € Arg(f),

A(O,f)-Arg(f) = 3 &amp;

also, establishing A(n+l). Thus, by induction

(n)(n € Nn =&gt; A(n))

completing the proof of (ii).

4.13. Lemma:

(1) | [f.n€P&amp;h Sf &amp; 0 €Arg(h) &amp; max _A(0,h) € Arg(f)]

=&gt; [A(0,f) = A(6,h)]



(11) HF [f,h EF &amp;h ESF &amp; 0 € Arg(h) &amp; max _A(0,h) € Arg(f)]

=&gt; [A(08,f) = A(0,h)uU A(f(max_a(6,h)),f)]

Proof: (1) Assume the antecedemt holds for f,h,0, If

A(6,h) has no maximum, then evidently A(6,h) &amp; Arg(h). Thus,

for any &amp; € A(6,h), one has 6 € Arg(f), and f(6) &amp;€ A(9,h)

(since h =f). Thus, by 4.6. A(6,f)=A(0,H). But this

implies A(0,f) = A(0,h), by k.10.

Thus we may syppose that A(6,h)

a ay 6... Then, by h,12

A(6,h)-ATg(h) = {5% (1)

Assume A(6,h) # A(@,f) and let 6; = min.(A(6,f)-A(6,h)).

(84 exists by 4.10) Then for some A € A(9,f) we have

f(A) = 8, (by 4,7, since clearly 0 &lt; 8). Moreover, since

f €F, we have A &lt; §;, so that \ € A(6,h). However,

» &amp; Arg(h) (since otherwise f(\A) = h(\) € A(6,h)) so

that vy (1), A = 8. But this implies § € Arg(f),

contradicting the initial assumptions, so that A(6,h) = A(6,f),

completing the proof of (i).

(11) Let f,h,0 be as in the antecedent, and let

by = max _4(6,h), so that 6, € Arg(f). Evidently

£(8_) € A(,£), since A(0,h) S A(0,f) by 4.10.

(again by 4.10).

A(e,h)vu A(f(8,.),f) &lt; Al8,f) (2)

To prove the opposite inclusion, we use
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4,7: Clearly 6 € A(0,h). If &amp; € A(9,h), then by (1)

either 6 € Arg(h), (whence f(8) = h(6) € aA(6,h)) or

6 = 8, (whence f(6) = £(6,) € A(f(8,),f)). If

5 € A(f(8,),f) and &amp; € Arg(f), then (8) € A(£(8_)f)

by #.5. Thus, by 4.7

A{6,f) &amp; A(6,h)u A(£(8,),T)

so that with (2) we

A

completing [eT orouor

Ib. 14, Lemma

— [ff € Funct «

na oé

3,f) = a(0,h) uA(f(8,),T)

nf (21

, £ € NOXNO] ==&gt; [A(0,f)% = A(0%,£#*)]

Proof: (1) Evidently 0% € A(9,f)*. Also, if

5 €E A(6,f)* and 6 € Arg(f*), then by 1.6 and 1.9, there

is a A with A € Arg(f), A» € A(0,f), and &amp; = A*, Then

f(A) € A(06,f), so f£#*(A*) = £(A)* € A(0,f)*,. Thus, by 4.7

Al(o® FH) A(O, TF) *,

(11) To prove the opposite inclusion, we note that

A(o*,£#) = {0%} U Arg(£*)u Val(f*) S NO* (since f S NOXNO).

Thus there is a set A S NO such that A* = A(6%*,f%*); it

suffices to show A = A(96,f), by 1.7. But 6 €A follows

from O% &amp; A(0%*,f*), Moreover, if 8 € A and 6 € Arg(f),
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then ©&amp;* € A(6%,f*) and 6% € Arg(f#*), so that

fe(5%) € A(o*,f*), However, by 1.11, this implies

(6) € A; thus by 4.7 A(e,f) &amp; A, and the proof is

complete.

We restrict our attention, for the next few pages, to

those members of F which are defined on some subset of NO

of the form 16| 5, &lt;0 &lt; 5,1 and which are increasing

relative to &lt;., We thus make the following definition.

4,15. Definition:

(1) Fy =p, $7] f €F a (36))(38,) (Aral) = {06 &lt;0 &lt; 650)

&amp; (e)(6,)0(04,8, € Arg(f) &amp; 04 &lt; 6,5) =&gt; £(6q) &lt; £(6y}]

(11) mf) =r min Arg(f)

(111)  1(f) =, lublArg(f)]

Note that Fi, n(f) and 1(f) are all stratified terms,

and that F, may be assigned any type, whilé m(f) and 1(f)

are assigned the next lower type than that of f,

13 16. Lemma:

(1) FF f &lt; NOXNO ==&gt; (f € F; &lt;==&gt; f* € F,)

(11) bf er, =&gt; [Ara(f) = {6 |m(f) &lt; 0 &lt; 1(£)}]

(111) + £ € Fy ==&gt; [m(f%=n(f)* &amp; 1L(f*) = 1L(f)*].
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Proof: (i) Let f &amp; NOXNO. Then if f € Fy (so that

f* €F by 4.2) one has Arg(f) = $0 | 84 &lt;9 &lt; 8,8. Hence

arg(r*) = fo | 6% &lt; 6 &lt; 6,*] (by 1.3 and 1.4). Since f

1s increasing, f* must be also, by 1.3 and 1.11. Thus

£* &amp; Fy.

The converse 1s proved similarly.

(11) This follows from the fact that if

a=1{e| 8 &lt;6 &lt;5,{ then evidently 8, = minA end

5, = 1ubA.

2

(111) Obvious,

lemmas: | [Ir €

el Wwevi

F, &amp; 6,0, &amp; Arg(f) &amp; 0, &lt; 0,] ==&gt;

[a(6,,f) € Fin ==&gt; A(6,,f) € Finl.

Proof: The proof is by induction on the cardinal of

ACO,,T) (hence over Nn). The appropriate formula A(n) is

stratified so that by [R, p.277] the induction scheme applies.

(1) A(O) holds trivially, since one has

1&lt;, Ne(a(e,,f)).
(11) Assume A(n) (for n € Nn) and suppose that

f EF, 0,0, €Aarg(f), 0) &lt;0, and A(6,f) € n+l.

by 4.9,

ale,,f) = §8.5u A(£(0),f) \ a A

(1)
3d A(0,,£) = {0x5 ua(r(e,),f)
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Hence (by 4.8, since f € Fy) a(r(e,),f) is an element of

n. Moreover, 6, &lt; 6, implies f(ey) &lt; f£(e,). Thus

either £(6,) ¢ are(r) (whence A(£(6,),f) € Fin) or

£(6,) € Arg(f) (whence £(6,) E Arg(f) as well, since

m(f) &lt; 0, &lt; £(6,) &lt; £(6,) &lt; 1(f) in that case). In the

latter case, by the induction assumption A(f(8,),f) € Fin,

so that by (1) A(6,,f) € Fin also. Thus in any case we

have established A(n) ==&gt; A(n+l) for any n &amp; Nn, and

hence the proof 1s complete.

The next theorem applies 4.14 to members of F, which

possess a certain symmetry: namely m(f) = m(f)%*, 1(f)* &lt; 1(f),

and for © e Arg(f), f(oe*) = £(0)*¢ In particular, we show

that if such a function satisfies f£(1(f)#*) &gt; 1(f), then

there is a Cantorian ordinal between 1(f) and f(1(f)#*). In

the sequel this result (or its corollary 4.20} is of great

use, especially in showing that for certain ordinals 6,

there is a Cantorian ordinal 6 with 6 &lt; 8, That is, for

such ordinals © we construct a function f with the desired

symmetry and which satisfies 1(f) = 8 and f£(1(f)*) &gt; eo.

Thus by 4.19 there is a Cantorian ordinal 6&amp;6 &gt; ©.

In fact, given such anf{f, the desired ordinal can be

defined by a stratified formula with free variable f.



TD
Tea

4.18. Definition:

t(£) =;, max.Alming0|0€ Arg(f) &amp; A(8,f) € Fin ,f)

Note that t(f) 1s a stratified term, and 1s assigned

a type one lower than that of f. Moreover t(f) € NO holds

exactly when there is a 0 € Arg(f) such that a(6,f) &amp; Fin,

4.19, Theorem:

pr [f€F &amp;f*&lt;sT &amp;m(f) = m(f*) &amp; 1(f) € £(L(£)*)] =&gt;

[t(f) = t(£)* &amp; 1L(f) &lt; t(f) &lt; £(1L(f)*)]

Proof: {i) Since f(1(f)*) &gt; 1(f) (which implies

£(1(f)*) € NO, and hence m(f) &lt; 1(f)* &lt; 1(f)) we have

A(L(£)*,£) = $1(£)*,£(1(£)*)} € Fin.

(11) If © € Arg(f) end A(6%,f) € Fin, then

A(6,f) € Fin: Indeed, A(6,f)* = A(0%,f*) by 4.14, and

since f* EF, A(o*,f*) &amp; A(o6%*,f) (by 4.10). Thus if

A(0%,f) &amp; Fin we have A(6,f)* &amp; Fin, and hence

A(e,f) € Pin by 1.18 and [R, p.421].

(111) If © € Arg(f) and A(6,f) &amp; Fin then

A(6*,f) € Fin: If 4A(e,f) € Fin, then A(6,f)* &amp;€ Pin

(1.18 and [R, p.241]) so that A(6%,f*) € Fin by y,1k

Let 8, = max.A(6*,f*), so that (since f* € F, and 8 &lt; §,)

L()¥* &lt; 5
y
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Then, by 4.17, if 6, € Arg(f)

DL » Slice   €

A [o¥,f) = A(6*,£%)U A(£(8,),f)

Fy, (and hence 1(f) &lt; f(1l(f)*) &lt;

A(O%,f) = A(O*,f*)U $e(5.)}.

£(8,))

{
1

A

- }

Otherwise, §&amp;, ¢ Arg(f), and by 4.17

A(o%® ff) = A(0%*, £#) 2 y

In either case, A(6*,f) € Fin.

(1v) Let © = min, {o| oe arg(f) &amp; a(e,r) € Fin}.

Then ©, = 6_*% and A(6,,f) = A(6_,f)%*:

9, € NO, since 1(f)* € Arg(f) and A(1(f)*,f) € Fin.

If 6, # 6,*, then either 0 * &lt; 6, (whence 0,% € Arg(f)

and A(6,%,f) € Fin by (1ii)) or 8 &lt; 6,*, In the

latter case, by 1.4 there is a 6 &lt; 6, such that 6 =8 *,

and evidently 6, € Arg(f). Moreover, by (ii), A(84,F) &amp; Fin.

In either case, the definition of 6, is contradicted, so we

have 0, = 0, *.

if

As in the argument for (iil) above,

8 = max A(8,,T*), then either

{ Since A(0,,f)€Fin)

Ao *,£) = ale *,t#)u{r(s,)!

N Ai 4 Jil) = ale, Cf1 a
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That 1s, using 4.14, either

3

A a Lf) = ae ,0)%u ies)

Ad,,f) = A(0,,f)*

(3)

(4)

But if (3) holds, and we set n_ = Ne(a(e_,f)),(s0 n, € Nn),

then by 1.18 nj = T(n,) + 1, contradicting 5.4 of [13].

Thus we have proved (4), and hence (iv).

Evidently ¢t(f) = max&lt;A(0,,f), so by (iv) and 1.14,

t(f) = t(f)*, Moreover, since ©, € Arg(f), so that

0, &lt; t(f) &amp; Arg(f), we have 1(f) &lt; t(f). In fact 1(f) &lt; t(f),

since 1(f)* &lt; 1(f) (see (1)). Finally, since we also have

t(f) = max A(6,f*), there is a &amp; &lt; 1(f)%* such that

t(f) = £%(8) (= £(6) since f* =f), and hence

t(f) = £(8) &lt; £(1(f)*), completing the proof of 4.19.

Note that the conclusion of 4.19 implies that f(1(f)*) &gt; 1(f).]

Ne can prove by an entirely analogous argument, a

counterpart of 4.19 for functions with ff = f#, That is,

4,20, Theorem:

Hf € F) &amp; £ =2r2(&amp;)nif) = m(f)* &amp; L(£)* &lt; £(1(r))] =&gt;

Tt(f) = t(f)* &amp; 1(f)* &lt; t(f) &lt; £*(1(f))1].

Proof: The proof is similar to that of 4.19, and we

omit it. The only new result needed is that if n € Nn,
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then T(n) # n + 1 (needed in the counterpart of (iv)). This

is proved exactly the same way as 5.4 of [13].

In section 5 we obtain some consequences of 4.19 and

4.20 which generalize and sharpen some of Specker's results

concerning the ordering &lt;,. For now, we illustrate their

use in:

lL 21. Theorem: (1) FF (e% &lt; 0 &amp; 6% + &amp; = 0) ==&gt; &amp; # o%

(11) } (6 &lt; 0% &amp; 6 + 6 = 0%) =&gt; &amp; # o*

Proof: (1) Assume the antecedent for 6 and 6. Let

f be the function defined on $A |X &lt; 68 by f(A) =A +

Then, since ©&amp; # O, we see f(\) &gt;A for every A &lt; 6,

Moreover, X &lt; A' ==&gt; f(A)&lt;f(Ar')(see [R, p.4#75-6]). Thus

f € Fy.

Since 0 = 1(f) (and f(e*) = 68), in order to apply

4,19 it remains only to show f* © F, That is, we need to

show: if A &lt; 0, then f(A)* = f(A%*). But it is an easy

consequence of Rosser's definition of ordinal addition that

(A; + A)% = A* + A *. [ef [BR, p.475]. We leave this

proof to the reader]. Thus if A &lt; 6 then f(A)* = (A + 8)*%

A¥% + 6%, and f(A*) = A* + 6. Hence, If 6 = &amp;*% we have

fb f_

i

But applying #.19 (and the remark immediately following

the proof of 4.19) we see that this is a contradiction,
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proving 6 # 6%,

(11) The proof proceeds similarly, using 4.20 instead

7{ 1 ] 9

Remark: 1. One can show that the order lsomorphism between

segy &lt; and Nn'&lt; Nn is also sum-preserving. (See the

remark following 2.23.) Since this isomorphism also

commutes with the type raising operations (6—&gt;6% and

n-—&gt;T(n)) we conclude from 4.21: if n € Nn and n # T(n),

and if m = T(m), then n # T(n) +m and T(n) # n + m.

This extends the result of Specker [13] used above. (Specker

proved the first inequality for m = 1,2.)

2, While there are no results in the literature

indicating that the statement (36)(0 € NO &amp; 6 &lt; 6%)

is provable in NF, this sentence 1s conslstent with NF.

(even if attention 1s restricted to ordinals © &lt; w,) as

we prove in Section 6. Thus, although 4.20 and the second

part of 4.21 will play no part in the results of this

section, we include them for completeness.

It will be useful, in applications, to have a version

of 4,19 which applies to a wider class of functions than F,.

4.22. Theorem: There is a stratified term s(f) with f as

its only free variable, (and which is assigned a type one
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lower than that of f) such that:

on [f € Funct&amp;Arg(f)=30[8cs0 &lt;6,{&amp;8,=8°

f* Sf &amp; (d0)(0 &lt; 85) &amp; £(0*) &gt; 6,)] =&gt;

(3(f) = s(f)* &amp; 6, &lt; s(f)]

Proof: Assume the an*2cedent holds for f, 0 and 6,

Then for any 6 € Arg(f*), we define

z(0) = 1ub[{r*(2)| 6; &lt;r &lt; ou fell.

(1) Since f* Sf, for any 6 &amp; Arg(f¥*) one has

f*(e6) &lt; Q,, so that g(8) is defined for any 6 € Arg(f¥).

Moreover, g is defined by a stratified term (with free

variable f, since 3, Arg(f#*) are definable thus in terms

of f) and has type one higher than that of f., Evidently

g € Funct, g &amp; NOXNO and © &amp; Arg(g) =&gt; 06 &lt; g(8). Further-

more, if "0; &lt; 6,, and both are in Arg(g), then:

fo* (2) 8, &lt; A&lt;e,} &amp; ST*(1) 6, A&lt;8, §

30 g( 6) &lt; g(65), and g € Fy.

(11) We show next that g* &lt;

o% &amp; Arg(g), and:

Ze If 8 € Arg(g), then

fern) | 5, &lt;x &lt; of = fren) [8 &lt;2 ~~

_— 1d

(since f*% &lt; f# and 6 = 5%) and Sou}

1.14. (0%) = g(0)*: that is, g* &lt; g.

pI¥ Thus, by
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(111) Finally, we show g(1l(g)*) &gt; 1(g):

By construction, 1(g) = 1(f*) = 5,%. Moreover, by

assumption, there is a 6 &lt; 6, such that £(6%*) &gt; &amp;,.

That is, T(r) &gt; 8,%, and o%* &lt; § **, But, by the con-

struction of g, this implies

L(g) = 8,* &lt; g(8,**) = g(1(g)*)

Thus the antecedent of 4.19 holds for g, so that we have:

t{g) = t(g)* &amp; 1(g) &lt; tg)

Thus if we define s(f) =4r (1x) (x* = t(g)), then

s(f) = s(f)* = t(g), and (by (1)) 8, &lt; s(f). [s(f) is

stratified since t(g) is, as a term with free variable f;

the type of s(f) 1s as claimed since that of g is one

higher than f]. The proof of 4.22 is complete,

We now introduce a second extension of NF which bears

some similarity to NF,, except that all additional axioms

are stratified. Specifically, the axioms of NF, are just the

axioms of NF plus all instances of the following two axiom

schemes:

(1) [t; 2t, &amp;t, ENO &amp; ty, = t,*] =&gt;1t) = t*

where ty t, are any two constant. stratified terms.

(11) t &amp; WS ==&gt; Ne(USC(t) &lt;, Nec(t)

where t is any constant, stratified term.
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Remark: One apparent advantageofNF,is that all allowed

instances of (1) and (ii) are stratified sentences (since

constant, stratified terms can be assigned any type). As

we shall see in Section 6, NF, is a non-trivial extension

of NF.(unless NF 1s inconsistent). However the method of

proof used there does not apply to NF,, so that the question

of whether or not NF, extends NF in a non-trivial way 1s

open. Moreover, it is easy to prove (using for example

an analysis of cut-free proofs in a Herbrand-type system

of quantification theory) that any stratified theorem of

quantification theory (in the language of NF) has a proof

every line of which is a stratified formula. It thus may

be somewhat easier to prove the consistency of NF, relative

to NF than that of NF,, if an approach via the analysis of

proofs 1s used.

More importantly, axiom scheme (i) is apparently some-

what weaker than the axiom added to NF in obtalning NF,;

as will be shown in Section 6, if NF, 1s consistent, then

there are models of NF, which do not even satisfy Resser's

Counting Axiom (and thus are not models of NF.J. Although

axion scheme (11} is not restricted to sets each of which is

a subset of some well-ordered, Cantorian set (as the additional

axiom of NFy and schema (i) are), it applies only to sets

which have stratified definitions. After some investigation,

we have been able to find no argument within NF which would

indicate a way of deriving a contradiction in NF,. However,



110

the remainder of this section 1s devoted to demonstrating

that the full Zermelo-Fraenkel set theory has a relative

interpretation in NF, a fact which indicates that this

system is capable of somewhat more complex argument than

seems at first to be the case,

3 15oe Lemma : Lec o De a constant, stre

§F, © € NO =&gt; t*
“

——

Ified tern. Then:

Suppose t € NO, and by way of contradiction,

Jet t &lt; t*., Let A= $0|6 &lt; t{. Then 4 NO, andAis

a constant, stratified term. Thus by axiom scheme (ii), and

1.1 3.

Ne ( A*) &lt;. Ne(A).

That is, by 1.15,

Card(t*) &lt;, Card(t)

However, by [R, p.478] Card(t) &lt;, Card(t*), so we have

Card(t*) = Card(t) (L)

If t&lt;w,, then (1) implies t = t*. Thus we may suppose

w, St. Now let 0, = min_ { 8 | 0 EW &amp; Card(e) = card (t)S.

Then 0 is a stratified

0,a(TrCa*) =ard(62
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so that 0 = o * by the remark following Definition 2.3.
o

Then if we deflne o, wm min, {0| 0 EW &amp; 05 &lt; of (so 6, € NO,

since 0, &lt;Q, € W), we have 06; = &amp;;*% and t &lt; 0. But 6,

is also a constant, stratified term, so by axlom scheme (1)

t = t#*, contradicting the initial assumptions. That 1s,

t# &lt; t, and the proof 1s complete.

The next proposition will be used to show that in NF,

the extension of formulas a° can be accomplished in an

especially uniform way.

4,24, Lemma: Let R(x,y) be a formula with x,y as its

free variables and which can be stratified when x and y are

assigned the same type. Let k be any integer; then:

Fae, (e)(s)[e,8 &lt; 0) =&gt; (R(0,8) &lt;=&gt; R(0%,6%))] =&gt;

[(36)(5 &lt;Q, &amp; R(0,6)) &lt;=&gt; (38)(8 &lt; Q, &amp; R(0*,5))]]

Proof: Assume the antecedent, and let S(x) denote

the formula (3)(8 &lt;Q, &amp; R(x,8)). Then S is stratifiably

definable, and contains only x free. We prove flrst:

For, if 8 &lt; 0)
2

(8)[(6 &lt; Q. &amp; S(8)) ==&gt; S(6%*)] (1,

and 3¢3), then R(0.68) for some &amp; &lt; Q
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But then by assumption, we have R(0%,6%), Moreover,

5% &lt; O* &lt; (Q), so S(6%*) holds, and (1) is proved.

Evidently (in view of (1)) the conclusion of 4.24 is

equivalent to

(0)[(6 &lt; a, &amp; (0%) =&gt; S(e)] ( Z

If, for every 0 &lt;Q, S(o*) ==&gt; S¢6), then we

Otherwise, we define

are done.

0, = ming {00 &lt; 0, &amp; S(e%) &amp;5(0)f. !

and have 8, &amp; NO. Since °, is clearly a constant, stratified

term, we have 6_* &lt; 6 . (By 4.23) Moreover, since S(e_*)

and 1S(0,) holds we have

6,  , % +)

Since (by (1)), for all © &lt; 0,

it suffices to show Q . &lt; 9,.

For each 8 &lt; o we define:

one has S(0) &lt;=&gt; S(6*),

min, {6 | R(e,8){ if S(0)
z(8) = =

0 if ~s(e)

k 2)

That is, we set g equal Eo

f&lt;0,3&gt;| 0 &lt;0,

4 [(8(8) &amp; A = ming {8 | B(2,8)5) v (n18(e) &amp; x = 0)]

Then evidently g£ is a stratified, constant term; moreover
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g € Funct and Arg(g) = {0| 0 &lt; o_f. We show next that

g* &lt; g3

(1) © &lt; 0, =z» (g(9) = 0 ==,

But this follows immediately, since

g(o*)

4 }
~n

JJ

impliles

S(0) &lt;=&gt; S(6o%),.

(11) 6 &lt; o_ =&gt; (g(6*) &lt; g(0)*)
+
1

By (1), (and the fact that 0 &lt; O%*) we may assume that S(9)

and S(6%*) hold. Thus R(6,g(6)) holds, and evidently

g(8) &lt;Q (S(6) implies R(6,8) for some §&amp; &lt; Qs and

g(0) is the least such 6). Then R(6%*,g(6)*) holds, so

z(0%) &lt; g(0)*.

(111) 0 &lt; 0 =&gt; (g(0)* &lt; g(0%)):

Again, by (1) we may assume S(0) and S(6*), If, by way of

contradiction, we assume g(6%) &lt; g(@0)*, then for some

6 &lt; g(6), g(o*) = 6%, Moreover, we have R(O*,g(6%*)), that

is R(6%*,5*%), But sinee (as in (11)) 6 &lt; Q,, we have

R(6,68), contradicting the definition of g(6). Thus (1),

(11) and (iii) establish

it &lt; ., 9 J

Now suppose, contrary to what we wish to prove,

0, &lt; Qyyqpe Then, Since S(6,*) holds (by (3)) we have

R(0,*,8(0,*)) and g(e_*) &lt; Qe If g( 0%) &lt; Qp41s then

for some &amp; &lt;Q,,we have g(0,%) = 8%, However this



implies R(6,,6), and hence S(8.), a contradiction. Thus

+=
4 L

we have

3 » Oey =&gt; (8(0,%) 2 Oy 2 05). 7)

Thus the conditions of Theorem 4.22 are satisfied for g, if

8, &lt; Dy r® But then the constant, stratified term s(g)

satisfies

5(g) = s(g)* &amp; s(g) € NO &amp; 6  &lt; s(g). (3)

Thus, by an instance of axiom scheme (1) of NF, we have

6p = ox (since 0, is also a constant, stratified term)

which 1s a contradiction. Hence 0,.,&lt; 6, 1s established,

and thus the proof of 4.24 is complete.

Using Theorem 2.28, we obtain an extension of 4,24 to

formulas with any number of free variables.

4.25, Corollary: Let R(X5e00sX 5¥) be any formula with

only X]seeesX,,J8s free variables, and which can be

stratified when all the free varisbles,are assigned the

same type. Let k be any integer; then:

rE, (01) e0e(0,)(8)0074000,0,,0 &lt; fy =&gt;

(R(815000,s0 ,8) &lt;== R(O1%*,.0.,0,%,6%))] =

© Lreee(0)00 500050, &lt; Qre4 ==&gt;

[(36)(6 &lt;Q &amp; R(01,000,0,,8) &lt;=&gt;

(35)(8 &lt;Q, &amp; R(6.%,...,0 %,6))]1]
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Proof: Let A = {60 &lt;q}. Then if f is the

similarity function given by 2.28, let g = ae. Since

F(&lt;O sens, 0)&gt;)% = £(&lt;0 %,...,8 %&gt;) (and Val(f) = NO) we see

immediately that Val(g) = A, and

oy (191 gee0y6 &gt;)* = g(&lt;o*,...,9 *

for any &lt;O015400,8 &gt; € AR, Evidently g is also a constant,

stratified term. If we then deflne

3{x,¥) “af

(3x7) 00 o (3x) [8(&lt;Xy5999,%,&gt;) =X &amp; R(X; yeeesXpy,¥)]

it is clear that S is stratifiable when x,y are assigned the

same type, and S has only x,y free. Moreover, the statement

to be proved for R is equivalent (in NF) to the statement

(8)(8)[0,5 &lt; a, =&gt; (S(0,8) &lt;=&gt; S(0%,6%))] =&gt;

(8)[0 &lt;q, ,, =&gt;

[(36)(5 &lt; 0, &amp; 5(0,8)) &lt;=&gt; (38)(6 &lt; Oy &amp; S(0%,8))11.

(This follows easily from the properties of g stated

above.) Since this is a theorem in NF,, by 4.24, the proof

of 4.25 is complete.

We now return to the formula R(x,y) defined in

Section 3 (see Definition 3.37). For the remainder of this

section 'R(x.y)' will refer to this formula, and '&gt;"' to the
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class of formulas constructed from R(6,6) and 6 =

using truth functional connectives and quantifiers

relativized to NO (ie. quantifiers whose variables are

denoted by lower case Greek letters.) Recall that every

formula A of 2 1s stratifiable by an assignment which

gives the same type to all the free variables of A. We

assume that the free variables of any A inZarealso

relativized to NO.

For each formula A in Z we define the degree of A

(d(A)) 2s the maximum number of nested quantifiers in A (based

on the construction of A as a member of Z-). That is, we

define d(A) inductively by

8

(1) d(A) = O if A is the formula R(6,5)

(11) d(A &amp; B) = d(A v B) = mex(d(A),d(B));

(111) d(mA) = a(A);

(1v) d((0)A) = d((36)A) = 1 + d(a)

or © = Fo --

Then for each A in Z_ we define the bounded relativiza-

tion of A, (A') inductively, as follows:

(1) A = A if A is R(0,8) or © = &amp;;

(11) (A &amp; B)' = A' &amp; B', (Av B)' = A" v B"

(111) (-A)' = (A);

(iv)  ((0)A)* = (6)(e &lt;Q ==&gt; A")

((38)a)' = (d0)(0 &lt;Q, &amp; A").

there d(A) = k.
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Thus for any A in zZ., A' is a formula which can be stratified

in such a way that all free variables of A' are assigned the

same type. We apply Corollary 4.25 to show that for each A

in Z , A' is equivalent to AC when the free variables are

assumed to range over Cantorian ordinals, and A' has

symmetry up to a certain, specified Qe Namely:

4,26, Lemma: Let A be in Z., with free variables

37,000,8,, and let d(A) = k. Then

(1) Fie, (01) +e (8001500000, &lt;q =&gt;
(A'(0_,.0.,0)&lt;=&gt; A'(0.%,...,0 ¥))]

(11) Fie, (81) (0) [CC0)) &amp;...&amp; C(6,) =&gt; .
(A'(0.,.0.,0)) &lt;=&gt; A (07500456,))]

Proof: (1) This follows by induction on the construction

of A as an element of 2. If Ais 6; = 0,, (1) follows by

l.3. If A is R(6,,6,), then (i) follows by 3.40, If A

is BB, (BvC) or (B&amp;C), and (1) holds for B (and C),

then (1) holds for A by elementary logic. It thus suffices

to consider the case where A is (d6_) B (since universal

quantifiers can be dealt with as negations of existential

ones.)

Thus we suppose (1) holds for B, with free varilables

8,901500096,. Now if d(A) = k¥ (so k &gt; 0), then evidently

d(B) = k-1, Thus we have A' = (36_)(6, &lt;Q,,&amp; B'). By
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the induction assumption (for B') we have

a! eal i .
5 vers, &lt; 0, 4 ===&gt;

(B(8g veer0_) &lt;=&gt; BY(8_%,.00,0,8)
Then, since B' satisfies the cor~!*ions of 4.25, we have

(9 V..o(0, LO0500040, &lt; 0, ===&gt;

(A'(015000,8)&lt;=&gt; A'(P."al ie veees@ *))]

which is (i) for A. Thus the proof of (1) is complete.

(11) Agein we induct over the method of construction

of A (as an element of 2). If A is R(6;,6,), then

A =A" = AC, so the result is trivial, and the same 1s true

if Ais 0) = 0, If Ais-B, (Bv C), or (B&amp;C), and

(11) holds for B (and C), then we obtain (ii) for A by

elementary logic. Thus, as in the case of (1), it suffices

to consider the case where A is (38,)B, and where (ii) holds

for B. Suppose d(A) = k so that k &gt; 0 and d(B) = k-1.

Thus A' 1s (30_)(8_ &lt; 0; &amp; B'), and AC 1s (30_)(C(6,) &amp; B®).

Assume that O19eees®) are fixed ordinals such that

c(e,) &amp;oook c(e ) holds. Then, by the induction assumption

(e_)(c(e_) ==&gt; (B'(0,56 500046) &lt;==&gt; BY(0 y000af )) (1)

Furthermore. by part (1),

(B'(0,50, 000,08 ) &lt;=&gt; B'(0,%,0,,...,0))] (2)



(since C(9) implies 6 &lt; Q, for every integer n).

Now, if 250 ,.00,0) holds, there is a 0_ (with

c(e,)) such that BE(0_,0 500000, ). Hence by (1) we have

BY (04507500000), and since 0, &lt;Q4,this implies

A'(0g,000,08,).
To go in the awlrecvion, suppose A'(84,..., 0)

holds, Let

0, = ming {0 B'(0,0,,...,0,)%. (3)

"J1 |

Then evidently 6 &lt;Q, ,; Wwe will show c(e,) holds.

Otherwise °, &lt; 6 * or 6 * &lt; ©, In the first case, there

ls a &amp; &lt; °, such that 6, = 6%, Then J &lt; Q _1» so by

(2) we have B'(6,0,5404,0)), contradicting (3). In the

second case, Wwe have B'(05%,074.0040 ), again by (2), which

also contradicts (3). Therefore, we have c(e,) and

B'(05907900090,), However, by (1) this implies
C C

B (855019000s6)) &amp; c(e,), and hence A (81500008p).

That is, we have proved

a'(0,40004y0) &lt;=&gt; A%(0,, 00000)

whenever C(6.) &amp;...&amp; C(6,) LAV LADS Thus the proof of

(11) is complete.

de are now in a position to show that the C-translate

JL every replacement axiom of Z-F is a theorem of NF,.
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4,27, Theorem: Let A be a formula in 7 with free variables

8190550 500050. Let By(0558 500050) be the formula

(87) (6,) (83) [(R(87,8,) &amp; A(81,8,,07,004,0,)

&amp; A(87,85507500050))) =&gt; (8, = 83)]

&amp; (61)[B(81,6,) ==&gt; (36,)A(87,85,09,.4,0,)1

and let Ba(0 909500050) be the formula

(30) (8,) [R(5,,0) &lt;=&gt;

(367) (R(87,0.) &amp; A(81,6,5,07,.44,0,)].

Then:

Fie, L086) (81) neu (8p) [BY (80,01, 000s0y) =&gt;
By( 0500, 5e00s0,)11°,

Proof: Suppose 05908 500098) are such that

C(8g) &amp; C(6;) &amp;...&amp; ce.) holds. Then evidently it is

C
necessary to show that By (85901900048) implies

B, (005075 00050,). Equivalently, by 4.25, we suppose

By'(05507500006)) holds, and must prove By'(0,,05000y6,]

By 3.41 and the fact that 0, = © *, we see that for every

integer k,

21 199.) =&gt; § &lt;&lt; 0 WL
(1)

Thus, if d(A) = k, and if 8, &lt; Qj 4 and 8, &lt;Q, we have

[R(69,60,) &amp; A' (8 ) ©
1 7

cess)] =&gt;

10 reens®y) &amp; AT(D),8.,8 Huey 8y , (2)

(8, =~ 6,
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(from B' (85900090) and 4.25). But then if 8210, are

any ordinals &lt; ; and the antecedent of (2) holds for

0196240843, then we obtain

R(87%,0,) &amp; A'(8,%,6,%,0.,...,0)&amp; A'(8,%,0,%,0,,...,0,)

by 4.25. Thus by (2) we have 5. = 6,%, and nence gy
.

™

&gt;

That is,

[R(81,0,)&amp;A'(87,58,,01,...,0)&amp;A'(8,584,080,000,8,)]
{ 3)

for any 821063 &lt;Q, and any §; € NO. Also, from

second clause of By'(0 seees8 ) we have

the

R(8,,0,) ==&gt; (33,)(8, &lt;Q, &amp; A'(8148,50,5000,0 )) (

for any 6, &amp; NO,

Now let

D = $5, | 5, &lt; Op &amp; (381)(R(8;,0,) &amp; A0(8,,65,07,00450)) | (5)

50 p&amp;fole&lt;alf. In fact, we

1.3 L4

Snow

(6)

(1) If &amp;, € D, so that for some §,, R(68,,8,) and

A'(6,,8,,87,000,8)), hold then by 4.25 and (1) we have

R(8,%*,05) and A'(81%,6,%,0,,...50), and hence &amp;,*€D.

(11) Suppose 8% € D, so that for some 6; we have

R(81,0,) &amp; A'(87,8,%,8 ,...,08 ). But them §; &lt; 8, so that
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5, = A ¥ for some Ay with M &lt; 0.3 moreover we have

B(r;,9,). Thus by (¥) there is a ip &lt;Q, with

A'(Aqsrps075000,0,), and hence with A, € D. But then

by 4.25, ATO %,00%,00, 000,50) holds, and hence by (3),

Ap* = 8%. That is, 8, =}, € D.

(111) By (i) and (11), 8, €D &lt;=&gt; §,* €D, sO

D* &amp; D, If D # D*, then there must be a 8, € D wlth

5, &gt; a. However, D&lt;f{o]o&lt;qJlc&lt; {ole &lt;af, so this

is impossible, and (6) is established.

Now by 3.40 (that is, since 6 &lt; Q, &lt;=&gt; R(0, (Q.))),

the formula defining D (in (4)) is equivalent to a formula

in which all quantifiers are bounded (relative to BR). Thus,

by the remarks preceding 3.40 there is a A € NO such that

(8)(6 &amp; D &lt;==&gt; R(6,1)).

Moreover, by 3.40 and (6), we have A = A? Thus we have

(7)

(6,)[8, &lt; Qyy =&gt; [R(5,,\) &lt;=&gt;

(38,)(8; &lt;Q, &amp; R(6,,0_) &amp; A'(87,0,,01,00.,8,)]1]

That is, since A &lt;Q .,, We have

*

Ro (0,00 90ees0 )

which completes the proof of 4.27.

Thus if 2° is the C-translate of any axiom of Z-F,

C

2 A”, completing the proof of:
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Main Theorem II: The operation of passing from any

formula of the language of Z-F to its C-translate (in

terms of R(9,8)) provides a relative interpretation of

Z-F in NF,.
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Section 5:

In this section we make some straightforward appllcatlons

of Theorems 4.19, 4.20 and 4.22, In particular, we show that

In NF no well ordered set 1s similar to its subset class,

generalizing a result of Specker [13]. Moreover for "large"

well-ordered sets x, Nc(x) is not smaller than Nec(SC(x)).

Specifically, this holds for sets x € WS which have

Ne(UsC(x)) &lt;c Nc(x) and are not subsets of any well-ordered

Cantorian set. We also prove that the statement (wg, € NO)

is a theorem in both NF, and NF,. Each of the proofs

proceeds by constructafunction f which satisfies the

conditions of 4.19, 4.20 or 4.22 under the assumption that

the statement to be proved is false. Then the existence of

the particular Cantorian ordinal t(f) (or s(f)) is shown

to be contradictory.

Note that pCard(e) E€ NC for every 6 € NO, since

Card(8) &lt;, Nc(NO) &lt;_ Ne(USC(V)). Also, if 2% € NC, then

\
,I(n) _ (28,

(see 5.9 of [13]).

[nd

Jed Theorem: | (x)[x € WS ==&gt; =1(x sm SC(x))]

Proof: Suppose the statement is false, and let x,

ce @.set such that x, € WS and x_ sm SC(x,). Then the
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2
seme holds true for USC (x). That is, USC%(x,) € WS

2

and usc?(x,) sm SC(USC (x5)) (see [R, p.368]). Then

let 0, = Cd(x,) (see Defi»ition 2.21), so that @_¢&amp; W

or 0, &lt; w, and Card(e,) = Ne(USC?(x,)).

| 0

card(e,) = ,T(card( o))

by 4.2 of [13 i) oY

card (0y*)
Card (0,) = 2 © 1)

oy 1.21.

Moreover, if 6 &lt; 0s then ©€%* £ 6 # so that

Card (0%) &lt;, Card (6 _*). Hence

 Card (6%)
&lt;, Card(e,)

*
and thus prard(e ) is the cardinal of a well-ordered set.

In fact, it is the cardinal of a well-ordered set of the

form use?(x), so that for somes,

3
Card(e*) = Card (é)/

—.

Then for each 0 &lt; CI we define

{ “)

£8) = mi Card(9)ming {8 2 = cara(s){. (3)

By (2), Arg(f) = {o 0 &lt; 0 +f, and evidently f € Funct.

[Note that the defining condition is stratified when 6 and

6 are assigned the same type.)
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”i.

card (0)
Since Card(e) &lt;, 2 for all © € NO (by [R, p.3901]),

we nave

so f € PF.

and hence

A * ==

9%. (®
y

a £( 3 )

Moreover, if “ *, thenove oo &lt; 0, 9

Card(9) card (5)
2 &lt; 2 That is

D
ry

5 &lt; 0% =&gt; (£(0).&lt; £(8)

 y |

Card(9) So Card(6),

id

so that f € F,. By similar argument, (1) implies

8% &lt; 0,, and thus 6 J &lt; 6,%. Moreover, by 1.21 and the

symmetry (i) of 2%, we have

Card(0 %*)
Card(o *) = 2 © 3+3

from (1), and hence £(e_**) = 8 *

Finally, if 6 &lt; © *, go that
o

card(9)
card (f(6)) = 2

Ne have

rd( o%*
 apd ig{ oy} = 2h OH)

‘ag in the proof of (6)). and thus

F(O)¥* = (0%) 7)

for all © &lt; @_¥%, [This follows since f(6) € W or

f(0) &lt; w_, by the definition (3), so f(e)* ew or

f(o)* &lt; wy, @&amp;s well, by 2.4 and 2.2. Then one also has

plow) = 200TA(O%) iin £(o%) ew or f£(e%) &lt; w., so
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that f(o%) and f(0)* must be equal.]

Thus f satisfies the conditions of 4.19, and we conclude

Io c t(f) = t(f)* &lt; £(0_**), that is, © * &lt; 0%o +8

contradiction. Hence the proéf is complete.

elu Definition: sct(x) = SC(x)

SC (x) =4¢ SC(SC™(x)).

Using basically the same approach as in the proof of

5.1, we obtain the following for each k &gt; 1:

Se 3a Theorem: | (x)[x€WS =&gt; =(x sm sc¥(x))1.

Proof: The proof proceeds as in 5.1, except that

instead of considering the function which takes n to 2B,

we consider the function taking n to the xh iterate of

the expotential, applied initially to n. We consider the

case Kk = 2 as typical.

Suppose XxX, £€ WS and x, sm sc?(x,), and let

bo = Cd(xo) and ng = Ne(USC2(x,)). Then n, = Card(6,),

and moreover,

n

2270 Ne (SC(Usc(xo))) _ Ne(SC%(x,)) = Ne(x,)

That 1s,

or using the symmetry (i)

n

00% 0) _

of 2

+
Ly7

and 1.21.
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2 -— Card (9,).

Ng 280
Moreover, since n 2 &lt;c 2 , we have

{ 1)

127;
2

J

Cod (0 *#) &lt; Card(8)

or © ¥% &lt; 6,. Thus by 1.3, o¥ &lt; ye

We then define a function f with Arg(f) = {ole &lt; 0 *+$

oCard(e)
(9) = nin 4s | 2 = cara(s)$.

&gt;Card (9)
(By (1), if 8 &lt; g ww then 2 &lt;, Card(e_), so f is

defined for every such ordinal.)

We prove f €F, by the same method as in the proof

5.., and note that (1) implies

£0 *¥*) = 0 -

using the symmetry of 2% and 1.21, Moreover, © or &lt; 8 0

by 1.3. Thus the conditions of 4.19 are satisfied by f,

and we conclude

2 #% &lt; t(f) = t(F£)* &lt; £0 *i%]

That is, 0 ** &lt; t(f) = t(f)* &lt; 6 _*, which contradicts 1.3

and completes the proof for k =

The proof for k &gt; 2 proceeds similarly.

It is possible to sharpen 5.1 when we restrict attention

to sets x € WS with Ne(UsC(x)) &lt;, Nc(x), as we show in

the next theoren:
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bur

5.4. Theorem: |— (x)[(x &amp; WS &amp; Ne(USC(x)) &lt;, Ne(x)) =&gt;

[Ne(x) &lt;, Ne(SC(x)) ==

(3y)(Can(y) &amp; y € WS &amp; Ne(x) &lt;, Ne(y)) ll.

Proof: Suppose the statement is false, and let x, € WS

be such that Ne(USC(x,)) 5, Ne(x,) and Ne(x,) &lt;. Ne(sc(xy)).

We suppose further that Ne(x,) &amp; Nc(USC(V)) without loss

of generality. Also we see that in fact Ne(USC(x,)) &lt;, Ne(x,),

since otherwise Can(x,), and the statement holds.

Then we have Ne (usc (x)) 2 Ne (USC?(x,)) and

Ne (Use? (x) Ze Ne (Use(xo) by the symmetries of &lt;, and

2B relative to T. Let 6_ = Cd(x,) so that Card(e,) =

Ne(usc4(x_)). Hence by 1.21,

For each

Card(05%)
) + &lt; 8 and Card(6) &lt;, 2 .

8 . 0 _* we define

(1;

d(e
£(8) = min, ie |ncard(s) &lt;. BT ( $ (2)

Now since it has been assumed that Ne(x,) &lt;¢ Ne(USC(V))

we have Card(6)&lt;, Ne(Usc3(V)). Thus (since SC(USC(V))

has the same cardinality as USC(V))

card (0o* Sard (00%) &lt;. Ne(Use2(V)).

That is

— Card(0) &lt;g oCard(85%)



L3
To

* J

since Card(Q,) = Nc(USC(NO)). Therefore (90) € NO for

every 0 &lt; 0.*, and in fact f£(90) &lt; Qg for every such 6.

da(e
If © &lt; @_*, then Card(9) &lt;, Car ( ), so that

9 &lt; £f(0). Moreover, f is an increasing function on

jo 0 &lt; 0, *} since

2 &lt;6, =&gt; Card(6,) &lt;c Card(6,)

—&gt; pCard(8y) &lt;, ,Card (oz)

and thus

Card (62) card (ej)
— Card(8) &lt;, 2 ==&gt; — Card (5) &lt;, 2

by the transitivity of &lt;

Thus f € F.. We show next that 6 J

c(o#) = f(0)*;: By (2) we have

0 *
0

implies

—1Card(£(0)) &lt;, Card (6)

n

so that by 1.21 and the symmetry of &lt; and 2

Card(0%)
— Card (f(e)*) &lt;, 2

That is, f(6%*) &lt; f(6)*, To prove the opposite inequality

for f, suppose f(0%) &lt; £(0)*, by way of contradiction. Then

for some 6&amp;6 &lt; f(0) we have f(0%) = 8* (by 1.3). More-

over, by (2) we have

n

so that by the symmetry of “. and 2 , and by 1.21

¢)
— Card(§) &lt;, pcard( )
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But this implies f(6) &lt; 8, which 1s a contradiction.

Finally, from the second half of (1) we obtain

Card (0,**)
* 0

Card (0 _*) &lt;, 2

and hence o_* &lt; fe, **), Thus the
 Ny
Laadu [©sons of 4,19

are satisfied by f, and hence

By &lt; t(f) = t(f)* : )

But then 6  &lt; £(f) = t(f)* as well, so that if

m= Card(t(f)), we have me NC and

Ne (USCe(x,)) B= T(m).

Thus by the symmecry of &lt;, relative to T

Ne(x,) &lt;, m = T(m). ]

That is, if y is any element of m we have Jy € WS (since

t(f) € NO), Can(y) and Ne(x,) &lt;. Ne(y) completing the

proof of 5.k.

As an immediate consequence of Theorem 5.4 it follows

that if x € WS satisfies Ne(USC(x)) &lt;s Ne(x) and x is a

subset of no Cantorian, well-ordered set, then

4Ne(x) &lt;, Ne(SC(x)). In particular this is true of NO.

(Indeed, one even has -1Nc(NO) &lt;c Ne(Use2(V)), as in

(R, p.4761.)
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5.5. Corollary: |= =1Nc(NO) &lt;, Ne(ScC(NO)).

We end this section by showing that the statement

(wy € NO) is provable in NF, and NF,. That is, in each of

these extensions of NF the set W of w-numbers has cardin-

ality at least Nc(USC(NO)).

5 , 6 Theorem: (1) xr, wg € NC

(11) aes wy € NO.

Proof: (1) Suppose the contrary, and let °, be

such that Dg, = Qo. Then for any 6 € NO, if wg € NO

we have wg, &lt;Q, by 2.12, and hence 6% &lt; 8 . Thus in

particular 0 ¥ &lt; Og

Now let f= {9]6 &lt; 0,818. so that Arg(f) = 301 6 &lt; 0,

and £(0) = wg whenever 6 &lt; 0 ., Moreover, by 2.12 we see

that f# Sf. Thus to show that f satisfies the conditions

of Theorem 4.22 it remains only to show f(6%*) &gt; 0

for some 6 &lt; 8,. In fact we prove

£(e_%) 2 6 (1)

If otherwise, then f(6,%*) &lt; ®_, or what 1s the same thing,

(wg )* &lt; 05. That is 0 &lt; 6, which implies 1 Ee NO.

Indeed, w &lt;0 so that there 1s a 6, with w = 0_%
1 Q 07
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Thus ®, € W, and there is a &amp; such that w, = ©, However

by 2.12 this implies &amp;% = Q, end hence § = Qe Since

Wg €&amp; NO, this contradicts the initial assumption and

establishes (1).

Thus by Theorem 4.22 we AaVv&lt;

9, &lt; s(f) = s(f)*
1
LL J

and hence (in NF, by 3.30) 0 = 0 _%*. But this is a

contradiction, and hence 99, € NO.

(11) The proof proceeds exactly as for (i), except

that we note that f and 6, are defined by constant, stratified

terms. Hence upon proving (2) we have 6 = 0 * by an

insistence of axiom scheme (i) of NF, This again is a

contradiction, which proves wo € NO in NF, as well.
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Section 6:

In this section we use a model-theoretic argument to

show that if NF is consistent then the extension of NF

obtained by adding the statement

2 (dm) (dn) [m,n ENn &amp; m &lt;.,né&amp;m # T(m) &amp; n = T(n)]

is also consistent. [In fact the same is true for any

consistent extension of NF all of whose axioms are stratli-

fied semntences.] Thus since F Luplies the negation of the

Counting Axiom (which is equivalent to the statement

(n)(n € Nn =&gt; n = T(n))) in NF, we also see that the

Counting Axiom is not a theorem of any consistent extension

of NF by stratified sentences.

Let 'L(®) denote the first ofder language in which

€ and © are the only non-loglcal constants, (the first a

binary predicate and the second a constant term). We define

formulas and terms in the usual way (allowing class

abstractions as terms); a formula or term is stratified if

it is stratified in the usual sense, where in addition any

specific occurence of ® may be assigned any type. Thus

® €@ 1s stratified, while x € x 1s not.

By a structure M, we mean a relational structure

M = &lt;A.R.e&gt; appropriate to the language L(8) (so that A
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is a set, R 1s a binary relation on elements of A and e ls

an element of A.) A 1-1 function g from A onto itself is

an automorphism of M if

(1) for any a,b €A:

&lt;g(a),g(b)&gt; € R, and

&lt;a.,p» ££ R if and only if

(11) gle) = e.

Given any automorphism g of M we define the koh iterate of

2, gs, by the recursion formula:

g(a) =a for all a € A

= (a) = z(g5(a)) for all a &amp; A.

Let M = &lt;A,R,e&gt; be a structure with automorphism g.

We define a second structure ne by setting M8 equal to

&lt;A.RE,e&gt; ‘Where gS 1s defined by the equivalence

&lt;a.b&gt; € RS &lt;=&gt; [a.b € A &amp; &lt;g(a).b&gt; € RJ].

Note that for any a,b € A Wwe nave

WBE (x_€ x)[a,b] &lt;=&gt; M (x  € x7) [g(a),D]

(This construction derives from &amp; technique of Specker's

used in [15].
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6.1. Lemma: Let g be an automorphism of a structure M.

Then g is also an automorphism of Me.

proof: Let M = &lt;A,R,e&gt; so that M° = &lt;a,R5,e&gt;.

Thus it is only necessary to show that g satisfies

condition (i) above for R®, But for any a,b € A we

“ths pe E B® &lt;=&gt; &lt;g(a),b&gt; €ER

&lt;=&gt; &lt;g(g(a)),g(b)&gt; €R

&lt;=&gt; &lt;g(a),g(b)&gt; € B®.

have

which completes the proof

For structures M = &lt;A,R,e&gt;, formulas @ of L(®)

and infinite sequences [ags8yyeee ] of elements of A

we define the satisfaction relation

M = Bla_,81400.

in the usual way

The next result relates satisfaction by M to satisfac-

tion by M® for formulas which are stratified. It is a

consequence of this result that whenever a stratified

formula @ is a sentence (ie. when @ has no free variables)

tv = fF &lt;=&gt; M® fF
=

 ZL



 Rr OT gm

Ii

6.2. Lemma: Let M be a structure with automorphism g. Let

B(xyy ener) be a stratified formula of L(®) with only

XigesesXy free, and suppose that we are given a stratifica-

tion assignment under which Xiseee9X, Bare assigned 1007 1p

respectively. Then for any Bigeeeyly in A,

M = Bla ye..,a l &lt;=&gt; ME Jen Ble*l(ay),.nr,8 Play)

Proof: The proof proceeds by induction on the syntactic

structure of dg.

(1) If @ is the

Then we have

formula (xy &amp; x5), then 1, = 1
 &amp;r

M = pla ,a,] &lt;=&gt; #le*2(a;),5 2(a;)]
1

=&gt; 1 FE gle L(a.),s 2(a,)],

1,

which 1s the desired equlvalence.

(11) If @ is the formula (xq = @) then we have

A = fla) &lt;=&gt;a) =e

&lt;==&gt; l(a) = e (since gle) = e)

&lt;=&gt; M8 EE glell(a,)].

(The formulas (x, = x5) and (@ = xy) are handled

similarly.)

(111) If 8 1s =f, (or (f; v @,) or (f; &amp; g,)) and

the Lemma is true for 8, (and 25). then the statement for @

follows immediately using properties of the satisfaction
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relation (and the fact that any stratification assignment

for 8, (or (2, v g,) or (#4 &amp; g,)) also stratifies

2, (and g,)).

(iv) Suppose @ is (4x) 84, where the statement is true

for g,: Let the given stratification assignment assign

i, to Xe Then:

A = Bla see.,anl &lt;=&gt; M Bilagsayseeeyanl

for some a, in A

aaah

1 i

= 2 n8 [= ¢.[g °a_),8 La))yeeers D(a )]

for some a in A

1 i

J v8 = g,[b_,8 1(a))yeeess B(a,)]

for some b_ in A

i.
(since g 2 1s a 1-1 function from A onto itself)

i i
&lt;=&gt; N° = gle" L(a)),...,8 0(a,)].

Since universal quantifiers can be treated as negations of

axistential quantifiers, this completes the proof of 6.2.

Remark: Lemma 6.2 is analogous to a result in [15] which

relates models of NF to certain models of simple type theory.

Recently Jensen [5] has applied a similar method in proving

the consistency of a weakened version of NF.

Ne apply Lemma 6.2 by showing that for any consistent

set S of stratified sentences which contains the axioms of NF,
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if Suf{-F! 1s consistent, then Su{ F} has a model M

with an automorphism g such that a= F. We do this by

making use of a theorem of Ehrenfeucht and Mostowski [2] (or

more precisely, a varient of their Theorem 6.1 noted by

Vaught in [19]) on the existence of models with automorphisms.

In the following, S will denote a set of stratified

sentences of L(8) containing the axioms of NF, but no

element of which contains any occurrence of the constant

Sq will denote the result of adding to S the sentences

8 = T(8), ® €Nn, and ® =n (for each n = 0,1,2,...

a numeral of NF). Evidently we have:

6.3. Lemma: Let S and S he as apnove, Then Sq is consistent,

if 8S is.

Let (xg &lt;c x) be the formula which defines the

cardinal ordering on Nn, and let u(x.) be the formula

(x4 &lt;, ©). Then for any structure M = &lt;A,R,e&gt; let ul

be the ordered structure &lt;A4,R,&gt; where:

Ay = {a|a €EA&amp;ME u(x) [al]

2. = {&lt;a,b&gt; | a,b EA. &amp; ME (x, &lt;, XoOo ¢ .)[a,b1}.
i

5.4, Lemma: Let S, be as above. Then if M is a model for

S1, then uM 1s an infinite (total, linear) ordering.
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Proof: Since 5, contains the axioms of NF, M satisfies

the statement expressing the fact that &lt;, 1s a total, linear

ordering on Nn. Moreover, since S54 contains the sentences

® €Nn and 8 =n for all n= 0,1,2...,U" 1s infinite,

and is an initial segment of the relation corresponding to

&lt;.over M, Thus uM 15 also a total, linear ordering.

LetZdenotetheorderedstructurewhosedomain1sthe

set of (positive and negative) integers and whose ordering

relation is the usual one. By 6.4 and the Theorem of [19]

noted above, if S4 is consistent then there is a model M

of S54 such that

(1) 7. is a sub-ordering of ut

of M.

(11) any automorphism of / extends to an automorphism

Using this fact we can now prove:

6.5. Theorem: Let S be a set of stratified sentences of L(®)

(none of which contains any occurrence of the constant 8)

which contains the axiomscof NF. Then if S 1s consistent,

so 1s su §Ff. Thus if S is consistent it does not have IF

as a theorem. In particular, iF is not a theorem of NF (if

NF is consistent).
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Proof: Suppose the contrary, so that -F is a theorem

of S and S is consistent. Then -F 1s also a theorem of Sq

which is consistent by 6.3. Thus there is a model M for

Su {-F} such that M and Z satisfy conditions (1) and (ii)

above. Let g be an automorphism of M which is an extenslon

of a non-trivial automorphism of ZZ. Then by 6.2, M® is a

model of Sq since every sentence in Sq is stratified. We

will show that M® = F, contradicting the initial assumption.

First, since the sentences (® = T(®)) and © € Nn are

in Sq we have

WE = (x, € Nn &amp; x, = T(x,)) [el

Furthermore, since Z is a subordering of uM, and the

formula (Xgq &lt;, ®) 1s stratified,

we = (x, &lt;, %1)lk,el (2)

for any k in the domain of /.. Thus by (1) and (2), and

since M EE F we have

M = (x, = T(x,))[k,k

for any k in the domain of ZZ. Hence by 6.2 (and the fact

that (x = T(x,)) is stratified when x is assigned one

higher type than x.), if k is in the domain of Z we have

1B = (x, = T(xq))[e(k).k]. (3)

But if k is in the domain of Z then gik) # k, so that
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(3) implies

M&gt; = (x, = T(x,)) [k]
f

[ ")

Thus, by (1), (2) and (4), we see M® = PF. However this

contradicts the initial assumption and completes the

proof of 6.5.

3ince =F is a weak version of Rosser's Counting Axiom

(which is equivalent to the sentence (n){n € Nn =&gt; n = T(n)]

we have immedlately:

6.6. Theorem: If NF is consistent, then Rosser's Counting

Axiom is not a theorem of NF, nor of any consistent extenslon

of NF by stratified axioms.

Remark: Theorem 6.6 shows that, as has been suspected, if

NF is consistent then it does not provide for every schema

of induction over Nn. Indeed, if K(n) is the formula

(n = T(n)) then the sentences K(0) and

(n)[n € Nn ==&gt; (K(n) ==&gt; K(n+l))] are provable in NF. How-

ever the sentence (n)[n € Nn =&gt; XK(n)] 1s equivalent to

the Counting Axiom, and thus is not a theorem of NF. Of

course this does not imply that the Counting Axiom 1s

inconsistent with NF, and this question remains open.
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6.7. Theorem: If NF is consistent, then the sentence

(n)[n € Nn =&gt; T(n) &amp;, n] is not a theorem of NF, nor of

any consistent extension of NF byzc+~-tified axioms.

Proof: We show the sentence

F =&gt; (dn)[n €E Nn &amp; n &lt;, T(n)]

is a theorem of NF. Suppose F holds, and let m,n € Nn

satisfy m&lt;, n&amp;n-= T(n) &amp; m # T(m). Then there is a

k €ENn with m+ k =n. If m&lt;, T(m) we are done, and

if not, T(m) &lt;, m. In this case

(T(m) + k) &lt;, (m+ Xk) = n

But n = T(n) = T(m + k) = (T(m) + T(k)), and hence

so that Lk &lt;

IR m) + k) &lt;, (T(m) + T(k))

 I'LX), completing the oroof

Remark: In [17, p.294] Quine states that the formula

Ne (x) &amp;, Ne(USC(x)) 1s equivalent in NF to the formula

Ne(x) = Ne(USC(x)). This is false, however, even for

finite sets, as Theorem 6.7 shows.

Remark: Since the sentence —F is evlidently a theorem

of NF., Theorem 6.5 shows that if NF is consistent, then

NF. is a nontrivial extension of it. In fact since the
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axioms of NF, are all stratified sentences we see that —F

is not a theorem of NF, either (unless thls system is incon-

sistent).
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