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Summary. The consistency of Quine's set theory NF is proved
by the construction of an ambipguous model of type theory.
Starting with a model of type theory over a sufficiently large
set of urelements, and whero every set is describable by an
infinitary formula, the ambiguous model results by deleting
the first type. A modificatiomn of the procedure yields a model
of Oberschelp's system ZF + NF.

Zusammenfassung. Die Widerspruchsfreiheit der Quineschen

Mengenlehre NF wird durch die Angabe eines den Ambiguitdtsaxio-
men geniigenden Modells der Typentheorie gezelgt, Ausgehend von
einem Modell der Typentheorie liber einem hinreichend grofBen Ur-
elementebereich, in welchem alle Mengen durch infinitdre Aus-—
dricke beschreibbar sind, erreicht man die Erfiillung der Ambi-
guititsaxiome durch Weglassen der untersten Schicht. Eine Ab=-
Enderung der Konstruktion liefert ein Modell fiir das.System

ZF + NF von Oberachelp.

Pearve. JlOKa3uWBACTCA HENPOTABODETIBOCTH KyainoBckoid
reopuu uHOZEeCTB NF MOCTpPOEHUeM MOAeNU TEOPUX THNDOB YAOBAST=
sopAvmed aKCcuOMAM TUMOBOHM HEOIpelneIeHHOCTH. Hexona 43
MOLENAX TEOPHMMK THUNOB HAX AZOCTATOYHO onsmod ofracTHD UHIAU-

¥10B, Ije BCe MHOXECTBa OnpeJAensgevHe SeckonegqHuMY $OD-
wynauu, MOJTYYAeTCS BUIIONHEHUE 8KCUOM TUTIOBON HeonpeLeneH-
HocTH oTpesas cauud Huskud yposeHb. Momers OSepmeabprICKO?
cucrevu ZF + NF TOTy9aeTCA UBMEHEeHuMeM KOHCTPYKIud.
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0, Introduction, We will give a model for Quine's set theo=

ry NF; to be more precise: a model for a transfinite extension
of NF presented at the end of § 2. The model construction is
_ made within a model of "usual" classical (naive) set theory
not intended to be of a special system; but a formalization in
one of the common systems, especially Zermelo=Fraenkel set
theory ZéC with axiom of choice, will be poassible at least in
the case of the existence of a strongly inaccessible cardinal,
We begin with a certain model of homogeneous type theory over
a sufficiently large set of urelements., The sets of this model
will be exactly those describable by a transfinitely composed
formula, We identify those sets in the model which are descri=
bable by the same formula without constants, The classes of
identified sets resp, the describing formulae are the objects
of the NF model. The other sets of the different  types, with
only describiﬁé formulae containing constants (for the urele=
ments), are necessary to define the membership relation, by
suitable representatives, The major part of this note consists
in proving that after deleting the lowest type, the rest of
the model of type theory satisfies the axioms of ambiguity, As
extensionality and.éhe comprehension scheme remain valid, the
. consistency of NF follows by a result of Specker's [&]. Though
the construction might be formalized within ZFC + existence of
a strongly inaccessible cardinal, of course we will not do so.
It seems that the construction might be formalized even in ZFC,
but at the expense of considerabls complicatioﬁs in the pre=-—
sentation, For the sake of a better readability of this paper
we will use the stronger supposition.

At the end, we will modify our construction to get a model
for Oberschelp's system ZF + NF, '

The present note is a more detailed and enlarged version of

7]

1, A convention concerning classical set thoory, notations.

In what follows, all.objects may be supposed to be elements of
a model say of ZFC + existence of a strongly inaccessible car-

dinal o e If the cardinality card a of a set a is less

than oy then we shall call the set small, Large sets will be
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sets a with card a = & . Sets with a cardinality graater
than & will seldom be considered and need no special name,
Thus, the singleton of a large set will be small, the elements
of small sets may possibly be large. A cosmall subset of a
large set has a small complement, a colarge subset has a large
relative complement, Large sets have many elements, small sets
have faw elements,
Let f, g be binary relations, Then may hold
gevfl = {(a,c): Sb((a,b)ef;\(b,c)eg}, dom f = {a: Bb(a,b)efj,
mg £ = {b: Ja(a,b)ef], f(c) = {b:z Ja((a,b)ef A acc)},
fla = £a(axmmg £f), Let axb be the set {ct ceaanceb}, and
Pa be the power set of a. In the case a 1s large, we shall
mostly consider no subsets of Pa with a oardinalitylgreatér
than % .
i, jy k, 1,'m, n may generally be variables for matural

numbers (elements of w), unless marked otherwise, (Sometimes
4 and Jj will also be used as variables for elements of cer-
tain index sets,) [m,n] will be the set {ki: me&k<n}, - Eve-
ry ordinal number {s tho mset of tho smaller ordinal numbersj

but this convention is not used before § 12,

2. Stratified formulae, First we constitute an infinitary

set-theoretical language, then the domain of the formulae of
this language will be restricted by the stratification re-
quiremente.

Let C = {c¢ d<u°j be a set with ¢, # E@ for w # ﬁ.
The elements of C will be called constants, Likewise, let
X = {xg:oc<a°] be a set of variables, with X, # xg for
« # o Lat C and X be disjoint. Moreover, let &£, =, -
/\, Y be five different objects (elements of the -underlying
classical set theory) beyond Cwv X,

Definition. The set of the set-theoretical formulae is the

least set satisfying F1), eecey F5):

F1) Every triple (a,e,b) with aeXvC, b€X is a set=
theoretical formulas

F2) Every triple (a,=z,b) with a, be XvC is a set-the-

oraetical formula.




F3) If h 1is a set-theoretical formula, then so is the
couple (=,h).

F4) If A 4is a small nonempty set of set-—theoretical for-
mulae, then the couple (/\, A) is a set-—theoretical formula.

F5) If V 4is a small nonempty set of variables, and h is
a set-theoretical formula, then the triple (V,V,h) is a set-

theoretical formula, »

Some conventionsi

(a,g,b) will be abbreviated by a £ b;
(a,=,b) will be abbreviated by a = b;
(ayn) will be abbreviated by <h;

(A, {nj ieI) will be abbreviated by i,/\Ihi;
(A, {h;,h,}) will be abbreviated by (?11/\112);
(¥,v,h) will be abbreviated by VYVh;
(¥ilx,] k) will be abbreviated by V¥x,h,

A

These writings will be justified by the interpretation of
those set-thecoretical formulae which are stratified (§ 3). v,
\/, -2, &, 3 are introduced as usually, Though the logical
signs will as well be used semantically to formulate our as-
sertions on our constructions, therefrom no confusion will
arise,

We shall often write X, ¥, ees, Yor Yir ese instead of

x X9 weo We will not generally distinguish variables and

O'
names of variables or variables for variables, with one excep=
tion: In the definition of H™ below exactly one variable x

is designated, - Subformulae may be defined as usually, Espe-

cially, every hi with 1€ I 1is a subformula of a set-theo-

retical formula /\h , but A h with JecI 4is no subfor-
i i
iel ieJ
mula of /\}Hf The occurrence of terms (elements of CwvX) in
ieI
a set-theoretical formula may be defined as usually. A varia-

ble % ocours bound at a certnin place in a sot=theoretical
formula if that place bolongs to a subformula YVh with

z€& V, All other occurrences of variables in set=theoretical
formulae are called free, Sometimes, we will also note terms
beyond Cvuv X, for example terms like ix1,x2i,‘iu: h(u)}. Set=-

theoretical formulae containing such terms may be conceived in



the traditional way as abbreviations of longer set-theoretical
formulae; for example ixi,le & Y 1s to be understood as an
abbreviation for Vz(¥x(x g z & x = X, vX = xz) »>zZ ey

We graphically distinguish €& as a constituent of set-the-
oretical formulae from €& referring to the underlying classi-
cal set theory, as well = from =,

If in a sequence (h1,h2,...) of set—theoretical formulase

every occurring h is a proper subformula of hi' then by

the definition of i;l-theoretical formulae this sequence is
necessarily finite, Therefore proofs of properties of set-the=-
oretical formulae will be possible by transfinite order-theo-
retical induction on the composition of the formulae, (The few
subformulae of a given set-theoretical formula are well-order-—

able compatibly with the subformula relation,)

Definition. The length of an atomic set-theoretical formula

a€&€b or a=b is the cardinal number w; if the iength of
a set-theoretical formula h is «; then the length of <h
is o, and the length of any set-theoretical formula VWVh is
max (card V, «); the length of a set-theoretical formula

N\ hi is the cardinal sum of the lengths of the set—thooret-
1eI

ical formulae hi for i1ieI.m

Definition, A set-theoretical formula h is a stratified

formula iff there exists a function 8 from the set of the
terms occurring in h and into a finite (!) set of natural
numbers, satisfying S1), S2), S3):
S1) s(t ) =s(t,) + 1 if t, & t, 1is a subformula of h.
S2) a(t_l) = s(tz) if ¢, = t,
$3) s8(c) = max rmng s if ceCndom 5, ®

is a subformula of h,

8 depends on h, therefore we shall write Sy if necessa-
Tye. = We have inverted the stratification function s rela-
tively to the usual one, and count the types from top to bot-
tom, The cause for this is the generalization given in § 12,
The condition for rng s to be finite is important for the
simplicity of our following constructions and will be replaced

by a weaker one in § 12,



Definition, Let H be the set of all stratified formulae,

Let Xx be a designated element of X = say X, =» and H® be
the set of those h€H containing free exactly the variable
Xo H: may be the set of those h eHx with s(x) = 0 for an
appropriate stratification function s as above, (Type~-theo-
retically, the unique variable x occurring free in h is
one of the upmost ones.) Let K, K=, KJ: be respectively the
sets of those hé€H, Hx, H: .

of C)e. For hel-{x and yeX, by h(y) we denote the result
-— =7

containing no constants (elements

of a substitution of y for x in h, the usual precautions
assumod to avoid variable confusions and to preserve strati=-
fiednauss, If, fof hell, V 1is the set of the variables froe
in h, Gen h shall be the stratified formula YVh.=a

The extension of Quine's system NF the consistency of which
we shall prove, is established by the axiom of e;tensionality
Vz(z ¢ x>z €' y) e Yu(x € uer y g u) (@ x=vy)
and the axiom scheme of comprehension
Jy¥x(x ¢ y «»h) for heK, y not occurring in h,
with standard-interpreted logical constants., In the original
system, only stratified formulae of a finitary language are
admitted., - In the following section we shall introduce anoth=-
er interpretation of the quantifiers and of ¢. That interpre-

tation will have a type-=theoretical character, .

3, Relative validitv, The validity of stratified formulae

will be defined to be analogous to validity in models of homo-
geneous type théory, byt with ambiguity of the type assign-
ments. That ambiguity will cause some technical difficulties,
but it will be necessary in the generalization in § 13.

Let X be a binary relation with dom X ¢y  for the set
w of the natural numbers. Let X; be the set X{{n}) and
X_ be the restriction X]|{n}, for n<w. Thus we have

X = mg Xn. _

X will be conceived as a subset of a model of homogeneous
type theory; we have indexed its elements to make disjoint the
sets X; for different natural numbers n, especially the

empty sets possibly existing in those sets are thus distin-
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guished from one another, The minus-exponents make forget the
indices of the various types. The metatheoretical variable X
for certain sets (certain relations) must not.be confounded
with the name X of the fixed set of the variables! The meta-
theoretical variable X will stand for several sets of our
fixed model of the underlying classical set theory, especially
the sets Y and Z defined in § 5, and some of their sub-
sets,

Before going to our truth-value gtipulation, we define an
isomorphy relation for subsets of X, which later on will of=~
ten be used. That isomorphy is the usual set-theoretical one

for mmg X with a possible uniform shifting of the indices:

Definition, Let X' and X" be subsets of X, X' and X"

are isomorphic iff there are a biunique function % from X'

onto X" and an integer g with
n((i,a) = (4,5) » J =1+ ¢g and
11((1,&1) = (i+g,b1) n "1((14'119-2)) = (i+g+1,b2) e
> ((a;e ay) e (b eby)),
for every (i,a), (i,a1), (i+1,a2) € X' and the corresponding

1~va1ues. o

Definition. Let h be a stratified formula., A function Py

defined at least on the variables occurring free in h, is an

X-admissible valuation of h 1ff there are a stratification

function s as in § 2, a function v defined at least on
dom s -and with Y2 ¢ and a natural number m, satisfying V1)
and V2) for every t&dom s and every c¢& Cndom s:
vi) y(t)ex o £)
v2) m = s(c)a O,c)exo. w

Consequently, the valuation ¢ has to respect the strati-
fication of the formula h, An X-admisaible valuation of
héeK exists if dom X dincludes a sufficiently long interval
of natural numbers; in that case the condition V2) is void. In
the case of he H\K the interval must begin with 0, and X;
must contain as elements the constants occurring in h, Clear=-
ly, if T2 X, then every X-admissible valuation of h is as
woell a T—-admissible wvaluation of h,



We go to define the X-values of terms and stratified for-
mulae, X—Val(h,T) shall denote the truth-value of the strati-
fied formula h wunder the"valuatioen" ¢, X being the domain
for the bound variables. ¢ itself need not be X-admissiblé,
but the truth-value X-Val(h,?) will not exist but in the
case there are a function ?' defined exactly on the varia-.
bles bound in h and with rng ?'5 X and a set T such that
(¢~ q')u ?' is a T-admissible valuation of h defined on
all variables occurring in h. Thus, ¢ has to respect the
stratification of the formula h and nothing more; the values

of ¢ may possibly be elements of T\ X,

Definition, Let ¢ be a function., We define:

T1) X-Val(y,?) = a iff yc¢dom ¢ and there exists an n
vith q(y) = (n,a).

T2) X-Val(c,?) = ¢ for every ce¢ C. )

T3) X-Val(tgy,r.{) = 2 iff t¢ Cudom ¢ Y ¢ dom c‘o,' ¢ is a
(C vrng y)-admissible valuation of tey,
and X-Val(t,9)ec X-Val(y,q),

= F 1iff t ¢C vdom Py Y ¢ dom ¢ ¢ is a
(C urng ¢)-admissible valuation of tgy,
and not X-Val(t,?)e X—Val(y,?).

Th) X-val(t =st,,q) =T 4ff t , t, € Cudom ¢, ¢ 1is a

(Cvrng y)-admissible valuation of

Cyits, En

X—Val(t1,q) = X—Val(ta,?),
= F iff t,

(Cv rnge¢)-admissible valuation of

and
t2 € C vdom Py @ is a

t13t2, and

X-Val(tl,?) # X=val(t,,9¢).

iff X-Val(h,¢) = F,

iff X-Val(h,¢) = T.

T6) X-Val(,f\hi,?) =T iff X-Val(hi,?) = T for every

1€l 1e1,
= FE iff X-Val(h ,¢)e {T,F} for every

i€I but X-Val( Ah ,¢) = T does
not hold. 1eT

T5) X=Val(ah,¢) =

= 13
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T7) X-Val(VVh,?) = F 41ff there is an (Xv rng ¢)-admissi-
ble valuation v of h with
X—Val(h,wd = F, ?(z) = ?(z) for every
variable z free in VVh,J*(v)e.X for
every veV,
X-Val(vv-.h,(f) = F 4iff there is an (Xv rng c‘o)—admis-
sible valuation v of h with
X-val(h,y) = T, Y(z) = ?(z) for every
variable 2z free in VVh,qf(v)e.X
for every 'veV,
X-Val(VVh,?) = I iff X-Val(¥V-h,¢) = F but not
‘ X-Val(VVh,cf) = F,
X-val(yVsh, ¢) = T 4iff X-Val(VVh,cr) = F but not
X-Val(VV1h,<]0) = F. -
Here T and F are two distinct objects (truth values), &

The existence requirement in the first and second bart of
T7) means that ¢ can be extended to a valuation of all vari=-
ables in h (including the bound occurrences) in such a wise
that the stratification of h is respected and the new values
of the valuation are elements of X, That is also required in
the third and fourth part of T7), but indirectly, Therefore,
X-Val(Gen h, §) exists iff there is an X-admissible valua=-
tion of all variables of h iff @ 4is an X-admissible valu-
ation of Gen h, If (f(x)e X,+» then, e.g.,, X=Val(yy yEx, §)

does not exist,

Definition. The stratified formula h is X-valid (resp.

X-=valid relatively to a fixed valuation ¢ of some variables)
iff X-val(VVh,9) = T for V being the set of the variables

free in h (resp. the set of the variables frae in h but be-
yond dom g¢). (I,e., especially, h 4is X-valid iff o
X-Val(Gen h, ) = 2°) The stratified formulae h1' and h2

are X-equivalent iff the set~theoretical formula h éﬁ-hz is

1
stratified and X=valid, o

L, Loemma (ossontinlly deenheim—ﬁkolom). Let h be a stra-—

tified formula, X-Val(Gen h, $) may exist (i.e., dom X may
be large enough), let X' be a small subset of X, Then there

TR
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exists a small set X°© with X'<X¥<¢X such that

x*-val(Gen h, §) also exists and x"-Val(h',c.P) = X-Val(h',o)
holds for every subformula h' of h and every X -admissi-
ble valuation ¢ of h',

formulae h'! 1is restricted to the quantifierless subformulae
of h, for then T-Val(h',q) does not depend on T, (T is
the domain for the bound variables only and independent of

- w(Cn dom 5
rmg cf.) In this case we may set X = X'vmg?\ TEF‘Lan arbi-
trary X-admissible wvaluation ¢ of all variables of h
(bound or not); such a valuation ¢ exists 'by the presuppésed
existenco of X-Val(Gon h, #), X™=val(Gen h, $) then also ox-
ists by X" 2 mg ¢ v (C ndom s )

As an induction hypothesis, we assume the lemma to.be true
for the range of the stratified formulae h' restricted to a
(smalll) set H' = {h;: 1¢I] of subformulae h,~ of h, i,e.,
that for every small subset X' of X there exists a small
set X° with X' <EX"¢X such that x®-val(Gen h, @) exists
and X‘-—Val(hi,q) = X-Val(hi,q’) holds for every h,¢H' and
every X"~admissible valuation ¢ of hi' We have just seen
that the assertion is true if we choose for H' the set of
the quantifierless subformulae of h, Therefore we assume H'
to contain as elements all quantiflerless subformulae of h,
Without changing X'" we can extend H' in such a way that
~h' 1is an element of H' 4if only +h' is a subformula of h

and h'¢ H', and that /\h is an element of H' if only
ieJ

/\hi is a subformula of h and J<¢I., We assume therefore

ieJ

H!' to be already closed with respect to the partial opera=

tions indicated, Now let H" = {W..hjx jeJ} Dbe the set of all
subformulae of h of the form ‘n’V‘th‘j with je I, We shall
show that then again there exists a small set X* with

X'e X*¢ X and such that X ®_val(Gen h, §) exists and
J{R—Val(h',q) = X-Val(h',?) holds for every h'e¢ H'"v H' and
every X -admissible valuation of h'. (The new set X" need
not be equal to the previous one.) The bound variables of h

may be renamed so that the sets Vj are mutually disjoint, We




shall procure tho small sotl %™ bolonging to HEw U¥ by a
further Lransfinitie dInduction, .

Lot Xx"(0) bhe a caoall set with X%(0) 2 X' and large
enough to (rent the exdstonce of an X"(0)-admissible valua~
tion of the stratified formula h, Let [} be-a small ordinal
ninsher . Yo assume the small subsats X“(M) of X to be given

o Lot Xo(3)* Pbe a small sot with X"(F}E;K"(@)’g X

and thoe following properiiy:

for o= ﬁg

For oevery I'¢ I, every J'eJ, and any two X-admissible

valuations A, Ay of the zstratified formula ,ﬂ\ h such
11t 12 i
leI!
that =~ Y, is an X"(@)wadmiﬁsibla valuation of the strati-
i %

ified formula /\ ¥YV.h, and X~Val(h ,v.) # X=Val(h ,y,) for
jed ! Jo- J §" ke

any Jj¢J', thers may alse exist X“(ﬁ)‘madmissible valuations

%? WE of /\ hi with cﬁ nq? m*q]nqé and
ieT! - : s
XMVal(hJ%QE} p XmVal(hjrqz) for the same J.

Wo hove to preve tho existence of such a small set X"(ﬁ)’s

Since X”{ﬂ‘ and the number of the varlables fres in
/N WV I
S o
admissible valuations of exactly the variables fres in

are small for every J'g J, the number of X"(B)m

A% vvjhj is small. For every J'c.J, every JeJ', and every

Jed ! )

X"(@)madmiﬁbible valuation of A\ ijhi‘ we havo to add at
jes! J :

mest card V. now elements to X"(B), and the result will

satlsfy theo condition for X“(@)‘o Since card Vj is small
for every Jj&J, and J dis small as well, indecd X“(ﬁ)' may
be asaumcd to bhe small,

Substituting tho set X"(f)¢ for X' in the assumption on
H'y wo obtain a small set X"(B+1) with X"(R)'e X"(i+1)¢ X
and X“(p+l)mVal(hi??) = X~Val(hi?qﬁ for every ig¢ I and
every X"(B+T}madmissible valuation ¢ of hi' For small lime-

it numborslwe set Xt{n) = UX"(x)e Now let ¥ Le a small
&<

cardinal (or initial) number greater than the length of h,
We will show now that X“(g) is the set X" belongihg te

Hlw B, dag.y that X”(¥)~Val(Ge? h, $) exists and

x"(K)WVal{h',?) = x“(g)-Val(h',q} = XmVal{h’,?)

holds for every stratified formula hig H'WH", svery X“(y)“

A A £ e s e =

e mn S e e g 7 S g g A e A s

SRR,



coifiud 4 valactlon ¢ of Lt and an appropriate ordinal
A ? 4 ; o

roambor D o< s {depondent on Lt and ¢}
: 3 y

The eoxistenceo assertion 1s true by X“(U) 2 X% (0)., For the

est, we Begin a neow transfinite induction. The equaticns

= v S

gshuraly hold for the quantifierless hfg¢H's If they hold for

‘hie HY or for avery h, with 1gI' with respect to a subw

set I' of I, then they also hold for stratified formulae of

fove al! o or A\ B Thus, e have e shiow that thoy
et
held for WWh' ell'u " provided they hold for h'eH', Let ¢

be an X%(y)-edmissible valuation of exactly the variables
fraae in VYVh!', Sinco ¥ 1s greater than the lengih of h,
every X"(y)waduissible valuation v of exactly the variables
froe in h' with ~2¢ is at the same time an X"(B)-admis-
siblao valuatioﬂ of h' for an ordina; number p,;aﬁ and we
WOy ossunae

X-val(h ) = X*(y)=val(ht,y) = }{"((E)WVal(ll‘,wr),

by the last induction. hypothesis, This entails by construction
X~Val{vvht, gr) = XD +1)=Val(¥Vh! ,(]a) 2

and likowlise

X0(y )=Val{¥¥h', o) = X"(Q+1}mVal(VVh’,q)

for the swma fi. This means that X"(y) heas the required
properiy, indeocd,

New wo take Ii'v H" dnstead of the sot hitherto named K
and ropoat, if necessary, the procedure, Tt is sulficient to
malce that pussage from H' to H'vu H" less than Yy ‘times,
and the union of the succeossive sets H' will be the small
get of all subformulas of h,.(if the proceduro is repoated 23
times; A a limit number, the new set It is of course the
union of the old sets H'.) VWith that the proof cf the lomma

is comploted,

Remork, The lemma remains valid if ¢ 48 relativized by

tho ceondition G, §, @& fixed Teadmissible valuation of

some varlables free in h, for any T (not necessarily e XN

, 3z 32 . :
Morcover, the small sets X = X (T s X 1) corresponding to

o
different valuations N (not necessaxily X'wadmissible for a
fixed X7') and different small sets X' can be constructed

isomorphically, 1if only the cardineslities of the sets X' ars

TR e s e
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limited by a fixed amall cardinal,

Tho first part of the remark is a $rivial consoquence eof
the lemma. One procf of tha gseocond part parallels tho above
proof completely, but simpler 1s the Tfollewlng roductlon: Let
« be a small cardinal. Then there is a small cardinal ﬁ
such that for every X'e X with card X'g o 8 small set
XH(X’) axists wlthh card Xﬂczﬁ end satisfying the conditions
of the lomma with respect te X, X!, h; the proef of tha lomma
gives us the possibility to calculate a small upper bound for
fpe For any gilven small ordinal numbor ﬁ, again, the cardina-
lities of small sets A of mutually non-igomorphic sSeis
XH(X') with card XK(X‘)«:ﬁ have a small upper bound, Hence
there are maximal smoll sets A wilith that property; let X"
be the union of such a maximal small set A, X¥ d4s small and
contains as subssts up to iscmorphy all sets Xﬁ(X') as above
with card X' (X')j< (. Then thore is a small set x* satisfy-
ing the conditions of the lemma with respesct to X, X" (in-

4

stead ¢f X'), h; this small set X  and its isomorphic im-
ages satlisfy the conditions of the remark for XN(?O,X'} Roba
every %% as above and every X' as above with card X'< «;
> card mmg %5 can be assumed. 5

Notntions. The assertion ¢f the lemma for h, X, X', %7

will bo abbrovistad by §(h, Xy Xty XH)O The assoertion of the
remark including the isomorphy condition will accordingly be
written § (h, X, S, XH) if the domain of the sets X' is
relativize&oby the conditions X'2 S ‘and

card X' 4 max (card Sy length of h), S supposed to be small,
in the case of @, = $ we shall write @;(h, X, 8, Xﬁ) ine
stead of §¢(h, X; Sy Xﬁ)" As a consequence of our relativiza-
tion for the sets X', for any valuation ¢z ¢, of all varia-
‘bles of h a corresponding set Xg(?) with

Q(hf X, Svrag §s Xﬁ(q)) is dsomorphically contained in x*
as a subset; and x* is not an exceptionally "poor% Liwane
heim--Skolem sete @;(h, X, 8, Kﬁ) clearly ¢ntails |

&(h, X, S, x*), but o {8 Xy 8y x*) does not necessarily
entail it, - Later, in‘g,l, somo stronger conditions, markoed

= 3 o : % ; ;
by &7, ¥', § 5 will be Introeduced; in the mement, they are
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Y~ =8, ¥ =0
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il

1n ol tha ambhlmous medel of type theory. l.at be

?]K_g'g ey

vl = {a: acyY Agh(hggﬂx,k(the stratified formulo
1 - 'n s}
“Vﬁ(xg(n+1ya)é@ n)" ds You@oonnmvalid))j,
- = {Y g Y . &2
Y .= {n+1} XY_ 19 ecop ¥ U{r s new], 2= YNY o0

Remarks. 1)
"{he stratified
has te be conce
"the stratified
tiv

el
if y doas not
2)

The phrase
formula “Vx(xg(n+1va)¢ph)" is YouagauYnmvalid“
ived as

formula "Vx(xeyeh)" is Y veoovY wvalid rola-

vy to the valuatilon {(yg (n+1v&)>3“9

occur in e

"YOVcooUYn“validn can, as a vule, equivalently be re~

‘placcd by "Yeva
of the fixed wva
in ths stratifi
valuated but in
cannot e Yead
exceptions: Tak
X =xaVyy=
Howovar, those
mulaoc as Vy vy
does met ocour;
nable,

3) Y: consi

subsots of Y;a

1id", as because of the conditlon hemHi and
luation of ¥y with (n+71,2), the variable x
ed Fformula "Vx(xgyeah)“ cannot be Yeadmlssibly
Y  and, as a rule; the variables bound in h
missibly valuated but in YOVooanna Thers are
@ for example the sitratified formula
¥: hero the stratiflcatlon is disconnected,
excaptioﬁs areo not important, since in subfor-
= y causing the dlrregularity, the variable x

those subformulae are thersfore easlly ellmi-

sts exactly of the small and the cosmall (§ 1)
Az a rule, in Yn with n > 1; the elements

are neoithor small nor cosmall, The deleting of Yo in the de~

Tinltlon of Z
Y1 with respecc
(Cf¢ the beginn
L) One may n
wa will of cour
fied formulae,

defining the ol

will avoid consequences of thils peculiarity of
t to the Z-validity of strazvified formulae.
ing of § 7.) ?

ot overlook the following: With respect to Z,
se be interested in the Z-validity of strati-
but the rsquirement for the stratified formulae

ements of Z to be Y-valid cannot generally

be equivalently replaced by the requirement of Z~validizy of

othaer siratifie

d Tormulae, even in tvhe¢ case tho formulas zro

S g b b i =

e 4 e L R S A R e g
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1o
1 ; ~ F> St T T < 7 TG Ll
eloments of K o Thus; as a rule, the oloeny: ;: Z 3 Gl
L
. g : 1 4= o VoA o i & 1A . ¥
ternally definable, but net sc Internally; wnd, as long as weo

are but interosted in the Zevalidity of stratifiod fox
we can say that the defining siratified fovmulac Tor the ole-

ments of 272 .remain essenitially secrot.

s and 1if the stracifled fornula

=)

' %
Lot ~ ¥ 7
Notntio: h ¢ }‘o" a ¢ Lk
‘Vx(x@acﬁh) 18 Yevalild, we denote h by ha5 a by =(hyk)s
(The definition of ha is uniguoe only up to Y-cqulvalence,
but that will mostly do for our purpeses; if necessary, we
Iif T ids @

shall choosae appropriate reprezentatives )
by T tha
n

foar
i

subset of Y, wo donote by Tn the sct T{{n};
set T|{n}, in accordance with the notation of § 3.

2 Y x 4
A furthor remark. Given he Ho and a strat:

ot
e
e T
Tla
¢
&
o
i..'.
Q
w9
Hy
e
B
(¢
¥

tion a with sh(x) = 1, max mmg 6, = J, the

h h
r{h, j-i+1)t Y  and with it Y are in the definition supw
¥ o o L

posed to be a set {(of the upderlylng classical sct theory). Ve

i

assume that Yo’ ceos Yj«i are sets, h is also a (small)
bAoA

set, and thae condition "the stratifiled fornula ”VX(X~3¢+Q
YouumavYJ imvalid" is doscribable by an oxpression (in the mo-

tatheoretical variable a ) of the underlying classical sct

theory. Hence for example in ZIC, there oxists a sat b with

r(h, j=i+1) = (J=i+1, b) a8 a subset of Y; 4 by the axiom
of subsets; b 48 thercofore an element of Y; L By the axi-
st
oms of subsetls and of power-—sets, ¥ and Y, ., . are
J=1+1 Jie

then sets; too., In a similar way, all soits discussed later on

can be preoved to exist, = Besides we remarlk that svery small
subsot & of Y_ is an olement of Y. ¢
k k41

» - x
h(k+1pa) = ;X;b?(YEX&}h(kpb)(Y)) G Ho for k>0 resp.

for we can sat

h a YV x=D5b €& H® for k = 0; analogously for cosmall
(1,2a) et o]
bea s
subsets a of Y;,

Explanation, Z will be the ambiguous modal of typs theory.

. . : s - X
A rostricted schome of comprehoension (hé}h: instead of hekK
rosp. moro gonerally hg K) by definition heolds in 7, Vo

shall prove in § B8 that tho rostriction is only a2 sceming ono,

Thus, in eoxtension ¢f the notations introduced ahove, r(h;k+}}
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- .
exists nov only fox h§>n0 but

eveny for hell”, heX, hel, for

LXK
he kK and every XKy

1 the casse of

he K, for at least one k in tho case of he Hs K. A model
for NI is built Tfrom 2 by identification of the wvarious
r(h,k+1) for ecvery fixad lleK;ﬂ As cvery set a of a given
type with hae-Kx must be ddentifiable with one set of cach

candi =

(9]
G 3 ¢
L
o
i

higher type, it is plausible to chooeso those
dates for elements of rng 2 which are describable by certain
stratified formulae, lHowever, in most cases ths describing
étratified formulae must be interproeoted essentially beyond 2Z,
extcrnally or “socrotly" as indicated in remark 4, in eorder to
malke our proof work and thoe model of typa theory roally satise
fy theo axioms of anbiguilly; for this reason wo have doleted
Yo’ On the ether hand, Z nmust not be choson too large; for
overy Ik ' tho typo Y, must not bo too comprohensive whon

k

soon Trom Y In standard wmodels; ¢.ge., of typo thoory, wo

K+1°
have tho axiom of cheico rosps the theorom of well-ordering,
among tho elaments of the highor typos are soms which "overe
look" tho lowor types poerfoctly, i.o., which well=order them,
But thoe theorem of welleordering contradicts NP and thus con=-
tradicts the axioms ol ambigulty, too., With rogard to ocur con-—

struction, a well~ordering of C = YO is certainly no clement

of g Y 1lbocause thore is no hegHi (with a small length!)
to doscriboe it, Tho situation in tho higher tiypes is analo-
gous, Thereforo, ﬁlso in Y and Z only special large sub-
sets are fully comprchensive in thelr structure by means of
small sots of stratified formulae, « If, in the definition ol
H§ wlth rospect tq.its application in the definition of Y
and in our proof, the transfinite coﬁposition el set~thcoreti~

.cal formulae is roally indisponsable, is an open question,

6, Lemma (Orderabilitv of the bound variahles). For CVeIry

stratified formula h thero is a Y-ecquivalent stratified
formula h' such that for every subformula VYVh" of h!, Tor
overy vyveV, and for every =z bound in h" helds

sh,(y) < sh,(z)n If heK, then also h'eX can be assumed.

So in h' +the variables with the greater stratification



m
[y
O
4
8]
[
it
o
O
i
C
¥
}-‘.
ot
o

nJew o 18 at all quantificed, are quancified bes

lownr stratification Index, u befoere v ILIf u& v o¢-

A stratified formula is orderced 40f it fulfills

the condition impesed on NIt in this lemma.

Proof of tha lemme, The ddea of this proof consists in ro-
lativizing the euter quantifiled vayriables with great stratifie-
catien indices on singlebtons with small siratification indie

ces, and then, in the interior, in relativizing on the unique

F

i

Q

alements ose singlotons, In this manner, the stratificae

ticn indices eof those outor quantified variables are lowored

w

in compunrisen with the other variables., = Wo assune that a
subfomrala Wh"  of I has not the required property, i.e.,
that there arec a yeV and a variable =z . bound in h" such

that &, (y) > ahb(z)° Lot V. = [y ,: 1¢I} be the small set

It

of thoso varizbles y&V such that syt(y) > sh,(z) holds

1
for at least ono variable =z bound in h". By our assumption,
v is not empty, Let V., = {vi; ielj be a set of variables

1 2
not occourring in  Vvh', the relation {(yigvi); 1eI} may Lo

blunigque. Lot VV‘h+ be a subformula of h", there may oxist
N | +t rodiph : .
subiormula YV'h of nh'" such that WVYV'h is in the

Rl

jut
o]
o
o

same pasition also a subformula of h' . We can say that

' + . : : :
VV'ih is maximal among the subformulae of h" "beginning with
V. Renaming the variables if necessary, we may assume V1 and

V! to bo disjoint., We now substitute in VYVh" simultancously

every subformmula VV'h' as above by VV'VV1(,ﬂ\yi§vie,h+),
- ieX
and overy atomic subformula h® of h" with no variables

bound in h" analogously by VV&( /\yg&vimahﬁ); after that
iel 7 :

. : ; o
we roplace the resulting stratificd formula VVh by

V(V\V1)UV2(,/\gu(ugviA‘fw(wﬁvie9w5u))~9ho}$

el
The rosult is Y~equivalent to YVhY, The stratification indi-
cos of the clements of (V\VI)UV2, in comparison with those of
V], are by at least 1 lower. If every one of the subformulae

; + - s . 5,
VWih a5 above has already the property regquired above ITor
h', then also o stratified formula resulting from Yva" by a

-~

finite number of repetitions of the described procedure has

L T ——

i s o A A B P ol B R

<L O

Ly
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tho same property. In this caso, the procodure has an ond al

ter a Tinito numbor of ropetitions, as Mg 5, is finito.

Genocrally, we have to rcpeat tho transformaticon procedure &s

often as nccossary, starting with the innermost subformulac
boginning with V¥V  and proceding successively to outserrore
subformulac. Aftor a, as a rule, infinite, but small; number

of steps (the length of tho stratifiod formula h is small
and hence also the number of subformulac; that number is an
upper bound for tho number of stops necessary) we are dono, IT

rng s, ¢ [0,n], then rng St € [0yn] can be assumod; Tor the

h
variables nowly introduced can got stratification indice

which tho old onos already have. The roquiroment for ng =
to be finite (in the definition of 1I) is thus respected. The
last clause of the lomma is obviously valid, as the transfore
mations did not insert constants. In this case apart frcm Y-

oquivalence also Z-equivalence holds.

7. Proposition (Ambiguity). For n2xm» 0, a stratifiod for-

la It s Y Y —valid iff Y vy =yvalid.
mule he 4 pveee VY meiV e Y g i

Remarlk 1. Tho propesition statos the validity of the axioms

of ambiruity for % (cf. [1], [8]). = Following Grifin [3],

cfe also [2], it is sufficient to consider the cease m = 1,

n = 3, But that rcduction does not simplify our preofl, and we

coms

e}

shall not use Gridin's result, On the other hand, n = 3
to be the borderline up to which the following constructions

ramain to Lo sufficlently imdginable,

Romark 2, Tho proposition is not true for m = 0, Lot,
O.tey 1 bo Lho stratdflod fformuln .
gx':'iy(\/z'ﬂul:—}ug(zﬂ‘y 7 om i‘u]gn,,vl) AV \J’n,)\f'uj(l{__n},n,,}_ LoyA

A i—"tl’“:}l £ Y oy u, 20 3),«.‘\/11 Jar, ({utpu‘aj‘ < y a=i{u & X &

&y Uy L x))).
which means "there is an x  equivelent to its complement
(relativo to tho same type)"o This cguivalence relation is
ostablished by a biunique set y of unordered pairs. h is
not Y vY vV2 ~valid (for cvery eclement x = {1,x') of Y1
the set x! dis either a small or a cosmall subsct of Y;; a

small x?!' and its large YouCOmplement ~ O ViCa Versa = can-



not be equivalent in the wnderlying classical sei theory, x
con nll the less be cquivalent te its complement in the sonse
of Ymvalidity)? but shurely Y1uY2vY3»valid; Take Toxr =x!

i ), which is at the same time

() )

the set {u: ¢ eu} (o e C,
large and colarge, so

&
t x = (2,x'),- and take for y the set

1)

ey

(3,{{U1;U2}€ uI’ u2 & Y:/\u1 x-uauﬂg03Aﬂ_goe u

The proposition will be proved in secctions 7.1 througnh 7.6,
Wo will somotimes Intersperso plausibility considerations to
make morec cloar our procedure; of course, these considerations
shall not replace any part of the proof, = Some parts of the
proof will bo soparated from the main proof and made up in
spaecial subgections, for the sake of a botter lucidity of the
procedura.

: - . R 7 38
Tl Preliminaries, definition of 777, The gecal of the

o

proof of proposition 7 consists in the following: Start with a

£3 17T i * < 14 é;
small sot 2 with &(n, Yo

proporty to bLe prociscd lator and shift it one typo downwards

. ¥ ;
u..uu‘..fnh,[,‘ §"5, Z ) and a further
¥

isomorphically without the ¥ ~property being lost, d.c,, find

o Q % . 7 .
a smnall sot 7 ¢ BmvceuuYh igomorphlec to 2 and with

§(n, Y veeoud , B, 2°),

Wo procedo Ly induction on n. I'or n = 1 the proposition
is certainly truec as Y1 and Y2 both are large sots of
cqual cardinalities, and in strotified formulac h for which
YIuVal(Gcn h, #) is definedy; mo & can occur; therefore the
formulac h are constructed from identities only, which aro
interpreted standard, The proposition may be proved for
1£r1<n09 wo will prove it for n = ng; we shall write n  ine
stead of n g in future, Let h be a stratified formula fox
which Ym+1UcaauYn+ina}(Gen h, ﬁ) is defined, Withqut loss
of genorality, wc assumc 'h to be ordered and m = 1.

Before going on in the main line; we have to note some do-

finitions.

e 3
Definition of the & "-proverty. Let S be a subset of a

small subsct T of Y—\(Yo"yf)° We assume that there oxists

a small set W chv YI such that

AT Eel ’ x 1 i T
Qo(hk’ YQVY']UKZ{U”"’U‘[]{-AT’ 56, hu(ini‘;’z\/aoou\fku])))
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holds for overy k2 2, any biunique function .,  with
’ H . ; R
] poaVel, rngr - = & h, = % ke 3 y [ ), proviaced . is
dom ¥y Mﬁw? = i kP OTk '/,, wy (vt K
Vév, (329 !
i
an ordered stratified formula (i.oe., the defining stravificd

~ . " % : . LY
formulao hq for ae$ and V. have boon suitably chosen).
. <
2

The fulfilmeont of thesa conditious for 5 and T wmay be
= 7% . . B, i _ P
marked by ©7(S,T); we shall write { (1) dinstead of

: ) . ) . I
Qh(T,T)o Correspondingly, 8 (h, Y, vsweuY ., 5, 27) shall be

2 n+ i
: . ~ ; . ol oot
an abbreviation for &(h, Yoveoen Y, 10 S, % Fa @ (27 )s In this

caseo let additionally be carc Z: » longth of h, Tor every
4

— 3 ) i FE i o ¥ : g .
kz2s Qq respoe Qo instead of ¢ in the definiendum shall
have the analogous meaning with @? FesPe QO in the first

conjunctive of the defliniens. H
First we will see that for ScYyveeewY ., § small, the

. 3 . S ) 40k Sl o
conditlions @O(hF kzuceauYn S, Z°) and with that the con=~

+1°f
“é - [aa) 1 b . = .
ditions €7(8,T) can be realizod; hero the realizal

}_.
F
=
[a]
!
o
(e

the cardinality condition needs no words. - Thore is a small
- An+T ”

sot W(n+1) with Qo(hv Y?vavoUYndjg Sy h( ' ))“ Vo sct

" i ] = R b2

AN = w( *1), Ve assumo the sots 77 s eoveg L to bo al~

n+1 n+l n+ 1 Ik

roady defined for R2¢ k &€n+1. Thon thore is & small sot

., &Kot
W(h 1) with =4 :
: ’ - T 1{ T 1{."']
@O(h;\f? You}]uyz\loocvll{rmjp “‘( )A(Youoacu 1(."’])9 \\( ))3 T
Y L
§O(‘h‘? Y2U509UY}:M1\IZI{U¢4aU.}‘:ri-é.T,

1 L3 L, 3
(w( {)f\(YOUec avylim.z))vlzkueueuén.

¢1° ¢
— 2 e
Thon lot ba %Y = w(k 1); nt last lot be W = W( )u l.'(")‘
=1 T | 1 ¢}
Slnco Lho sbtratifiod formulaoo ' and h usod in tho doflini-

tion aroe supposed to bo orderaed; the resulting small sot

24 .- . }E \
VAR Lpu.apv£n+] meets all roquiremonts.

o~ 3 i 3 ; :
I'o bo shure, the & -conditions cannot refer but to a fixed

Z7; for an arbitrary Z-admissible valuation %y of h we
. ; : E:
can find a small set § disomorphic to Z° and with
h, Y. vY
HCHE AN

;+ TDE Gy s), but 37(S) does not necessari-
i+
1y hold.

Sunnlement to the definition, Lot s1(s5,T be defined pro-

: ET . - . . -
cisely as T7(¢,T) but with respect to WelY instead of
o



<

s ept 1 oy 4y o
“he defined pregisely as, § (8,7 but wizh respect to VW = 0

A 3 P - g
and Y dnstead of Y-\(EO uY?)g Tha Turthor conditiocns ccome
o ; - I e
posed with §f, @ instead cf @ viay bo dolinod analogouse

lven

h and arbitrary small sets Tc¢2Z in the following way ine
duce equivalence relations J(T) din a subset of PY, which
cun ho conceivoed as relations of dndiscornabllity with raespoct
to T and the truthevalue calculation of Z«Val(Gen h, §).

Somotimes wo shall write AJ(T)B instead of (A,B)e J(’T)e

Definition of J(T). For A, B ¢ Y lot be AJ(T)B irf

dom {a} = dom (bl for every ag4h, el (dvoes Bom A wund
©

dom B are tho same singloton, A and 3 are subsets of

he

same Y _), card A e card ’1 for .Ac:YT, and there are small
-4 - <7

- g i 3 i - P e el T oy #r i o

setvs £, and PB and an isomorphism s  from r, onto lb

such that ¥(h, Z, TvA, T,nZ), &(h, Z, TuBy TynZ)y § (74T, ),
e CF b 5 ¢ ’ )
& (F,TB)P q4A7 = B, %(c) = ¢ Tor overy CGATo

e 3E H
Let boe § (n, Y yvooeuY e 27

n+1°f
. . Mo, Fede g, R .
in tho fuwiav¢n5? vo define p.y Py % (), 277(k) vy in-
‘ : ‘ 3T ,
duction on Xk backward from kK =n to k = 1, % © will con-

tain as elements representatives of large J(T)-cquivalence
classes for certain small sets T (certain extonsions of Vo B
cis g , 3 - . oa e
the small oncs will bhe subsets ¢f 27 . The labelling “definie
W @ R ' o FED _ Wi F
tion" is somowhat liberal, for 27 (k) and 2 (k) are not

determined uniquely below; however the concrete choice is not

important,

Definition of n ., piiu (1), hk(t), {“_‘ A
Por AecY ot be p (A) = J(z" VAl ire J(2¥) Al is a
nonveid small set, but n(;) g 4iff J(Zﬁ){{A37 is a large
set, p, not be definod elscwhore, -

Wa remark: rng P, is a small set; for, by the remark to

§ 4, there is5 a small sot T such that for every A4 <Y, ~with
card A ¢ card Zz thexre is a seot T isomorphic te¢ T with
£
3 5 s a-
¥y %, Buny lAné) and &°(7 o T, ), therefore card rng p
1

is not groater than card PT, pn(A} and L)Pn(ﬁ) bodng emall
~

or every A ¢dom p_, alsc VU{rng p_) dis smal
4 4l

;._.
L)



Lot 277(u) be a swall set with

M /
f 1 v (IR gk &
: " _—k f. . VAR Bl o
CO(Jl:‘ .\q\/n © 11 \J l“;p W AVAN By

i Fa oy B2
B 2)).

Wo now suppose the functions Py and the small sats
3¢ : s . o 2
a'(1) to be defined for 2 gk < i 4¢n, wo define P, and

Zk’w"( }‘:) ;

For Ac? let be pk(A) = J(K+(k+1)){{ﬁi} i
J(Zﬁ+(k+1))<@ﬁ7 is a nonvoid small sot; lot be pk(A) = ¢
AL J(ZH+(k+1))<{A}7 is a large sot, p, may not be defined
elsownore, Then rng Py is again, as g Py & small sol Do

G :
cause (k+#1) is supposed to bo a small set., Then

b"

ULJ(rng py) i a small sct, too,.

L . s
Let 27 (k) be a small set with

P

éo(h, YoueeauY, vZ ¥rew1), 2% (k1) WU (rng 3k), 27" (1)),

3;—32( th Z?\z"f'(k) ) . )

Finally, let be 2" = z%%(2).

i

; ¥ o
The construction of 2 largely paralloels the censtruc—~

" R . i
tion of 27, but thero will be an additional condition,

33 T

Lot bo % {n+1) = 27,

. 13
Lot be 22£Xen, We now supposce the small sots 2 (1) to
, ’ : iz . ¥
Lo definoed oir Ke¢iésn+l. Wo definag the lfunction pﬁg thoen wo

shall dofine .tho small sot ZH”(]-:)0
!

For A cY,  lot bo p(A) = J(27(k#1)) A}y iff
J(7 hﬁ(k+1))({A37 is a nonvold small set; let be pk(ﬁ) = ¢
¥

ifT J(Z' (k+1))<{A37 is a large sot; p_ may not be defined

a ®oo, ;

elsewhere. Then rng P, 1s again, as rng P & small seot be-
Fe¥ :

cause 27 (k+1) is supposed to be a small set. Then

UUrng pﬁ is a small set, too.

Let 27°(k) bo a small set with

e | 3334 3 d S YebE g
E(h, Ypveeor X vz (ke1), 277 (ke1) vW (mmg p), 27°(k)),
po(a) = B 3(27 (1)) A)) @ P27 (k) N 2 (wr1)) £ 8

for overy A ¢ dom pirxP{ k\\Zhh(k+T})e




Finsally, let ba 2 = 2 {(Z}.H

Since N is supposed te be ordured, woe have by ouxr con-

. P , 15 ,.+ A B
struction Qo(h? jzuﬁﬁ“uYn+Tp Z Y § (Z "
P, Y Y 77 7Y, The cardinalities of L, Z
§0(}1;\ EVnoe‘u n~§"!7 $ = L] A & Al b o L LK £ _'fl{? ”31{ o
Z;“ are strongly increasing in this sequenca.

To illustrate the notions, wo remark:
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As & éonsequento ‘of the definitien of &, for every

(kn{«‘lpa')(,éklTF 2 ¢k ¢n, the family of the truth~values
Z=Val(bea, @) for be /év rosp., the family of the truth-vale

v ’}; .
ues bfea' for b = (k,b') ezéy can be said to regre»eﬂt the

%

sot a within Z resp, the set a' within 2 at least

K+1°
as far as their propertiecs play a r&ia in the truth-value cale-
culation of quocuuYn+3~Val(Gcn h, ﬁ)g’by tho assumption
. el g e

g (27) evon somewhat farther: a defining stratified formula

h ls chtracxer4"0a, too, absolutely and not only with re-

«

spect lo o™, s family of the truth-valuosy ZmVal(bga, ¢)

SR Y TR ‘
for b & ] N4 can be said to describe the asymptotic be-
haviour of & or the bohaviour of & in the large; among the

isomorplhy typoes (of the small sots in the definition of

T
{1}
;. 3 , " . ;
J(27)) used in the calculation of Y2U¢e¢UYn*j“VaL(GGn h, $),
that family reprosonts the often (a great number of times) oce

curring onaes, The familﬁ of the truth~valucs Z=Val(bga, @)
Tor be Z§+\.Zﬁ can be said to describe the bLehaviour of a
in an arca of transition, between the initial in a narrowver
soenso (relative to Zﬁ) and the asymptotic ones. Tho initial

bohaviour characterizes a in totu; the asymptotic behaviour,
the bohaviour almost everywhore (beyond Zﬁ+), does not change
tho characteristics of a and has been concentrated on éih
1f, in the definition of J(ZK), wo have taken small sets Ty

instead of T{bl‘ we have done so because gencrally in h not
singlo variable; but certain small sets of wvariables are guan-
tified; also the (gonerally necessary) cardinality bounds in

the dofinitions of J(27) and &%(2") have been chosen with

rogard to this, While the concentration of those proportics of
e

# » ' i
the largs sat 2. NE on the small sot 2 which are esson--

-

tial foxr th truth-value calculation oi



YPVrﬂ,pYn‘1man(Gan I, $) hoas a cruciel importance, the arova
< Y

o FE -, o ¥R !  tron: 4 4+1 a0 Yr O LY t/\-‘\‘lq'z cal dmporianco. ""}\ ~ +
Z ~ L of tronsdtion has o moroly Tochnicadl 1300 ancoe Wt

importanco Lios in the circumstanco that tho property of o sot

to bo large or small is exprossablo by the Z-validity of

stratified formulaoc. The very fact that small sots can Lo ar=

- -
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bitrarily extensive prevents us {rom suppesing 2 Z s Somae

2k .
times, we shall utilizoe the properiy of Z to be able to bo

shifted isomorphically in the herizoental line (without raising

or lowering typos) without loosing the & -property, but tho
P

H

corresponding sat 7 cannot bhe shifted togethor with Z

preserving tho charactordzing propertios. = In the next sulbe
secction, we shall shift the small set 7" ono typo downward;
vhile doing so, tho boerderlines belweon large and small wmust
be proesorved (othorwise especially the funcliion ¢t af T.att
wouid hardly be definablo), all the moro &s certain large sots
describable by means of constants for eloments of 2 gi11
have to be partitioncd several times in the future into large

subsets.

7Te2. Construction of the function £, ¥Wo shall dofine a

function 1 which shifts %" ono type dewnward, a funciion
£ from Z"i “into YTVoaaUYh which is an isomorphism and for
which -additionally Q(Gon h, Yiuaaﬁuan @, rng f) holds, and
therefore also
Y2U¢uayYn+1mVal(Gon h, $) = z¥-val(Gen h, @) =
= (rng £)=-Val(Gen h, §) = Y1VooﬁUYh“Val(Gen hy @)

In ordor to make, in this sonso; mg T a complote analogon
of 7% ono type lower, wo shall provide that for ea¢dom T
the image f(a) will have, as far as possible, the same ini-
tial and tha samo asymptotic behaviour as the.counterimage &
(cfe the explanation at the end of 7.1), viz. the same beha-
viour "in tho large" and "in the small" with respect to the
truth-~value calculation of Z-Val({Gen h; ﬂ). To realizo that,
wo have to shift 2% downward in such a mannor that the rela~
tion J(ZN) is shifted down together with z%. To bo able to
do so, that relation has becen condensed into ZNH.

The function £ will essentially {apart from the indoxing
i

Fal

of its arguments and valu Tunctions e

Q

s} be the union o



for 2%X%n+i; for the Tiransiiticnwl bohavieur' wo also neod
aikiligyy functions N for 22k <¢n. Dvory funciion value
fk{u) will beo tho union ol a function value fﬁ{a) and ol o
foncdon value fﬁ{a)a Ve first dofine the functions £, qgs
f? saparately.

" Yot x be a biunlgue Nunctlon fires ('/S;":';' N /'}“)2 inte C,
F? bo a Litniquo function from . V.ZW into Y'qu and G be a
biuniqgue function from (Z“%\_/E)) into Y?\,rng fga Lot f§
bo the function from Z?w into P(YY) with
rg(a) = (f?qu)(a} Loz overy ae Z§¢

By this, the sctic ,iru AE and
({1} % rng (fzuq?})Lf(QRj;<rng f%) aroe iscmorplhic by an isc-

morphisn % with q((Rga)) = (1, (fﬁuq?)(a)) . for
£~ -
- o Y i = ) o o W 3! « .
a ¢ dom (f,ud,)s w((3,2)) = (2, £4{a)}) for agdom £, So we
can say that £ shifts downward tho initisl behaviour of &

3

To be able to deiine tho function I ruling the shifting of

the asymptotic behavicur, we have Lo make some proparations,

(S
E 163 Facf oy e n ~
Lot be g = domy = (27 w27 )2, and ¥ boe a principal ule

trafilter in Pg. Let %?(x,3) be the expression
Je(ce g nx «/(c;c-y/.\fcx(dc, ?{(d)éy-w),'c = d})
of the wnderlying classical sot theoxy. It means: y a ag X
has exactly one element and the ¥ ~counterimage of it is an
‘elqment off X .

Lot fj be the function from  P(Y,) dnto P(Y7]) with
fé(a} = {b: be—Y:\‘rng (fzuqz)/\{af\g P~ T ﬁ%(ayb))r

‘ rMangeF2at,(gwa, b))
Tfor 5.5Ygﬂ That_means; If ang does not belong {o the ul-
trafiltor, or in this sense bas only few eloments, then fﬁ(a)
contains almost all (up to a small number of exceptions in
rné (f2vq2}) clomonts be Y? with ﬁ%(a,b),.iuoc aimost all

-

those clewmonts b of Y tho unique common eloment of which

1
with wng g belongs to a. In theo other casce, if ang bo-
longs to the ultrafilter, and in this sense has many elements,
fé( ) contains not only almost all clements b(}Y; wi.th
ﬁé(a,b) but morcover almost all those elements be YT which
have not exactly onge element common with g A

Beforae continuing the definiticon, we morcover remark with



ranpec ¢ 1; chhat Oor avary a & Y:,;,. A e 1’.( \;) the following
EN IV IR ARH ] (;,--E",,g

BIY rAUA) = UrE(a ) a6 AY,

) ori(na) = opey(a)s age al,

B3) £3(x;va) = Y7 N(xmg (fouq,) vi(al),

Bk ) 17_":{&.) is large 4if ang 4s not empty.

By t‘lsu:‘jp the rustriction of f;',‘ on Pg doelines an iscmor=
shism from the generalizod Boelean algebra (Pg, /), U) into

FEA=a =

the gencralized Booclean algebra (P(YT)’ My 4. fé itsell
ig yet a generalised Dooleoan homomorphism, turning to the iso=
morphism Ly the ldontification of elements with equal imagos
S - i ff o 5 = Fal \ ; £
(ij(m.1) = j.\nz)waiqguc‘zmg for a,, a, ¢ dom MB)O
Proof of the proporties B1), seep, B4}, Let the principal

ultrariiter be gaonorated by C,& &
Ad B ) s Casa .T_Ha); Go & iJAs Then 31 ngePg NP helds for
every a,g¢ Ay and further “'E:,( \JA, b)es 3Ba (a? € A A .,,(aT s L)),

independently of b, which immodiately entalls tho assertion.

‘ Caso BiL): e e, €& WUA: Let be ¢, & aye A, Now for
beY, ~rng (r,uq,} oither =3le(cs gnrx(c)e b} holds, thence
I e e
b(_*‘—’s( 1 b.gf.‘:‘j(u.-ﬁ._}; or ;—}Ic(ccgq?\(c)eb) holds, then
b e f‘(' JA) helds iff ¢, & UA  for ¢, = w(cegax(c) €bj,
in whz,c, 1 caso 5’11{(:1@ a ¢ &), and that is equivalent .to
Ja. berfiia. ). |
[ 2 [ :
Ad BZ). B2) is a consoguence of B1) and B3},
b

Ad B3). Let be, without loss of gonerality, c, Cae Case
W3a): Asoum St el Cg/\?\( )éb) .for an eloment b of
}'T\TnL (Lqqu)‘. Then 14.2((-;-. a, b}, thercfore befé(a) by
angel’; on the cther hand we have bé\fé(yg\ a) by
(Y:\a)r\ g = g2 gPgNF and -1'}}?2(5\ 2; b). Case B3L): Let be
ANe(ce o ax(c)cb) for the same b, Then for

¢, = Lckoeg»_%(c)ﬁi>) ¢l ther holds c, ¢ & or ¢ € g~a and

hoenece eithor be f:;(”) or b el‘:‘s(g\a) = f:;(Y;\ al).

Ad Bh), The - ~direction is trivial, i Lot be c,e gna.
The set B = {{X{CZ), c}: Cé _(:3 is a large subsect of Y;ﬁ As
fz, Aoy £ @re zall small, all elements of a cosmall subsot of
B bolong to Y';\m;g (fzqu) and To f‘ﬁ(a}, independentliy of
Leing  ang an cloment of the ultrafiltor or net. -~ The sup-

e T b A o o - & e i b ST A
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pesition ganra # #  can be weakenaod te g 7. if ¢t:33 ”
’ o

. : . » 3eb s
because then a dis largo (by construction of % ), and thats

' 5 - WM o
entails gna # ¥ Dby construction of Z° . As by B3) tho two
. o B
truth-values are symmetric, we havo as well: If ag L? and
3b(b e Y, ab ¢ dom (fnuqd)ﬁ béa), thon é( 1) is colargo.

re 384 . .
Ve .said that Z «Z ' can be taken to characteriy the

asymptonic behavxour of mells Apart from tho type indices,

¢

f! Thas thus transfoired that behaviour lattico-isomor phically

3

into P("Li

We go to continue the definition: Finally let be
P e -
2 Now fB can

as a synthesis of the isomorphism f; transferring the inie

e taken

IR

f3(a) = 'B(t)hgfé(a} for cvaery ag

: . S firem . ,
tial bohavicur of the elements a¢ Zj and the lattice jsow
morphism é transforring the asympitoiic bohiaviour of tho
clomentz a ZT o+ = That holds f. (a)eg¥Y for ag¢dom f

3 3108 T & 3

will bo proved later (in 7.3).

¥e now assume the functions fi (biunique Trom sz into
;_i) to bo dofined for 2<£isk4n and k»2, and the fune-
tions q (biuniqup from (777 ZM): into Y;mTu‘rng fi} to
bo defined for 24 i<k, Ve are going to definc the functions
Gy WS Tpyge

To be able to defina CHp £y (by which - will

§
fk+1’ o1
later be dofined), we firsi dofine rolations Imk, Ik similar
to the relation J(2™) dofinod in 7.1. '

k

Defintifon of Tn.e For Bel gwwar £ belz2®s 7%

. 3z
set BIm A iff card A g card Z; and there are e small sot

S and a function %~ such that
I1) the cendition
é(f(h'y Y.lvus.qu .i? o
U{{i~1] x rng (fivqi); 2ed<h] v ({u-1lx mg fk)L/B, S}
holds for evory subformula h' of h and a Y]vauchnmadmiS"

sible valuation @ of all variables in h with

e’

s

[
pul

<

)
I

yedom g - 31 ¢(y) = (1,8), i.e., the valuation S

riables in h with ompty suts,

.- . 1 % S e 5 . Feit !
12) 1 4% an iscmorphism {rom 3 onto Z .\\Y2u¢g,qu)

rith ﬂ{{km?}x8> = {k}xd, wm((d-1, fi(d})) = {i,d} for every
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