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1 Introduction

It is a fact universally acknowledged that any many-sorted theory can be
reinvented as a one-sorted theory - to which it is probably synonymous. It
will suffice to expand the language with a one-place predicate for each sort
and to restrict each sorted variable to the extension of the corresponding
predicate. If there are only finitely many sorts this process is completely
unproblematic, and the two theories are synonymous. If there are infinitely
many sorts life is slightly more complicated (there is no way of saying in the
new language that every object has a sort), but it is still clear what is going
on. So clear, in fact, that normally nobody bothers to spell out the details.
Quine in [5] attempts the task of reconceptualising typed set theory (TST,
TZT...) as a one-sorted theory but doesn’t execute it perfectly. Resnik
[6] took up the baton - in work that we did not know of until Allen Hazen
drew our attention to it. Thank you, Allen. It turns out - on inspection
- that the situation is more complex and interesting than one might have
expected. It’s not just that TST/TZT have infinitely many sorts, one also
uncovers connections between TST/TZT and NF (on the one hand) and
frankly untyped set theories (Zermelo, ZF) on the other.

Make yourself comfortable in this very high speed train: we promise you
an interesting ride!

This essay works on a proposal of Quine [5] that type theory (the simple
typed theory of sets, the precursor of New Foundations) can be presented as
an unsorted theory.

In section [2, we give a self contained and naive presentation of a system
of this kindﬂ from first principles. We call the system presented there TTGV
(for “type theory with general variables”, which is what Quine called his
attempt at such a theory).

In section [3| we review earlier proposals along these lines.

IThis theory was defined by Holmes as a modification of Forster’s proposal which will
be discussed later; at that time Holmes did not recall the treatment of Quine [5] and
was not familiar with the work of Resnik ([6]): Holmes’s theory is a slight(?) weakening
of Resnik’s theory, however, which confirms the naturalness of the approach.Delete this
footnote ...7



2 A Self Contained Development

We introduce the theory TTGV (Type Theory with General variables aka
Trains de Tres Grand Vitesse).

2.1 Basic Axioms

The theory we introduce is a first order unsorted theory with membership
and equality as primitive relations.

Some objects have elements and some do not. Objects that have elements
are called nonempty sets (for the moment this is an unanalyzed phrase) and
we state a natural identity criterion for nonempty sets.

DEFINITION 1
An object is a nonempty set if and only if it has an element:

Set () =4er (Jy : y € 7)

We refer to objects which are not nonempty sets as empty or elementless
objects. Empty sets are a more specific kind of object introduced later.

e Axiom of Extensionality: Nonempty sets with the same elements
are equal:

(Vey:Set(x) AN(Vz:z€x e 2z€y) > x=1y)
The axiom looks asymmetric between x and y but it isn’t: the hypotheses obviously
imply Set(y).
Next we state axioms providing basic set theoretical constructions.
e Axiom of Singletons:
Ve:(Jy: (Vz:y€zey=u1x)))

For each x, the witness y, unique by extensionality, is denoted by {z},
called the singleton of x. We also use the notation ¢(x) with the same
meaning. We introduce the notation §({z}), denoting z; 6(A) is unde-
fined for the present for other nonempty sets A [a definition is given at
the end of the section].

this def-
inition
should
be refer-
enced



e Axiom of Union:
WVA: QU :(Vex:z €U+ (Vr:x €U+ (Ja:x€aNacA)))))

For each nonempty set A with a nonempty set as element, the witness
U, unique by extensionality, is denoted by [ J A.

e Axiom of Principal Ultrafilters:
(Vz:(3B:(VA: A€ B+ ax e A)))

For each object z, the witness B is denoted by the notation B(x): this
is the collection of all sets containing x. Note that {z} € B(z), so B(x)
is a nonempty setﬂ

The use of sets is to represent properties of objects: where P is a property
of objects of kind x, P is represented by the set of objects of kind x which
have property P, and we suppose that such a set exists for any kind and any
property. We further suggest that objects belonging to the same set are of
the same kind. Thus, objects are of the same kind if and only if there is a
set which contains both of them. We view this as so important (for the sake
of argument at least) that we adopt relevant definitions, which turn out to
be supported by our axioms. These definitions have the effect of giving the
arguably vague philosophical term “kind” a precise meaning for us.

DEFINITION 2 Where x and y are objectﬂ we define x ~ vy, read: x is of
a kind with y, as (Jz:x € z Ay € 2).

This relation can also reasonably be called cohabitation. Readers may
find themselves reminded of the compatibility relation that looms so large in
river-crossing problems.

2The letter ‘B’ recalls Maurice Boffa, who was the first to emphasise the importance
of this function (in the context of Quine’s New Foundations) — specifically the fact that
it’s an injective €-homomorphism. This function was known also to Whitehead — who
apparently called B(z) the essence of . An axiom giving the existence of B(z) looms
large in the study of fragments of NF.

3We use the word object for general things in the domain of the theory, where we are
indifferent to whether they are sets or not.



DEFINITION 3 For any object z, we define r(z), the kind| of z, is |J B(z).
PROPOSITION 1 x ~ y if and only if y € k(x).

Proof:
If © ~ gy, then there is a set A such that z € Aand y € A, so y € A and
A€ B(x),soy € |JB(z) = k(x).
If y € |JB(x), then there is A such that y € A and A € B(z),sox € A
and y € A, so x ~ y.
[

THEOREM 1
The relation ~ is (i) reflexivel’|, (i) symmetric, and (iii) transitive.

Proof:
(i) z € {z} and z € {z}, so x ~ x.
(ii) Logic tells us that if  ~ y, there is z such that z € z and y € z, so
yE€zand x € 2,80 Yy ~ T.
(iii) Suppose  ~ y and y ~ z. Then x ~ y and z ~ y, so = € k(y) and
z € k(y), whence z ~ z.

So the kinds are equivalence classes under this relation.

This theorem allows us to read = ~ y as “x and y are of the same kind”:
they share a specific uniquely determined kind, they do not merely share
some kind.

Now we talk about the construction of sets of objects of particular kinds
with particular properties.

Axiom of Separation:

For any property P(x) of objects = (expressed as a formula of our language
in which S is not mentioned)

(VA:Set(A) - (IS : (Vx:x € S« (v € AN P(x)))))

4We prefer the word ‘kind’ to ‘type’, because a type is not really a set, but a syntactical
characteristic of a variable. We do not extend this terminology to the historical systems
discussed in section [3| The second author likes to refer to kinds as cohabitations, and this
terminology might appear.

5We note that whether or not ~ is reflexive corresponds to whether we assume that
everything belongs to something, that is, whether we are in set theory or class theory.

6



If the witness S for a particular A and P(z) is nonempty and so unique
by extensionality, we denote it by the notation {x € A: P(z)}.

Of course, this is an axiom scheme, with an instance for each formula
P(z) of our language defining a property.

LEMMA 1 Meeting Lemma
Ifxr ey andx € z, then y ~ z.
“Nonempty sets which meet are of the same kind”.

Proof:
If x € yand z € 2z, then y € B(x) and z € B(z), so y ~ z.
u

It is worth noting that if {z € A: P(x)} is defined and so is a nonempty
set, A~ {z € A: P(z)} by the Meeting Lemma (lemma [I]).

DEFINITION 4 For any nonempty set A with x € | J A, we define () A as
{y€er(z): (Vae A:ye€a)}, if this is defined.

DEFINITION 5 = Cty is defined as Set(z) AN (Vz:z €x — z € y).
This is the subset relation on nonempty sets.
THEOREM 2 Power Set Theorem

(VA :Set(A) — 3'P: (VB: Be P+« BC' A)))

Proof:

Let A be a nonempty set. Suppose B C* A. Let z € B. Then we have
x € Band z € A, so A ~ B by the Meeting Lemma, lemma [1] It follows
that a witness P can be explicitly presented as {B € k(A) : B Ct A}
There can be only one witness, because any two witnesses would have the
same extension and contain A as an element, so they would be equal by
extensionality. [ ]

We define PT(A) as {B € k(A) : B C* A}: this is the collection of
nonempty subsets of the nonempty set A.

We introduce the usual notation for concrete finite sets.

DEFINITION 6 We define {x,y} as the unique nonempty set which has x
and y as its sole elements; if it exists then by extensionality it is unique.

7



THEOREM 3 For any objects x,y, {x,y} exists iff x ~ y.

Proof:
If {x,y} exists, then it witnesses x ~ y, being a set which contains both.
If v ~y, then {z € k(z) : z=2aV 2z =y} is {z,y}.
|

It is worth noting that this equivalence will hold in any theory with
Separation.

It is important to notice that we do not have an unrestricted axiom of
pairing. The pair {x,y} exists iff z and y are of the same kindﬁ The same
is true of ordered pairs, and this restricts the formation of relations and
functions.

DEFINITION 7 We define AU B, where A and B are nonempty sets, as
the set which contains all elements of A, all elements of B, and nothing else.

If this set exists then it is unique by extensionality.
THEOREM 4 [f A, B are nonempty sets, then AU B exists iff A ~ B.

Proof:
Suppose that A and B are nonempty sets.
If A~ B, then |J{A,B}=AUB.
If AU B exists then A and B both belong to PT(AU B), so A ~ B.

DEFINITION 8
(i) We define {x1,...,x,}, where n > 2, as {x1,...,Tp—1} U{z,}.
It should be clear by induction in the metatheory that this exists
if and only if all the x;’s are of the same kind.
(i) We define the ordered pair (x,y) of x and y as {{z},{z,y}}.

Clearly (x,y) exists iff z ~ v,

6Notice that this is a restriction on applicability of the pairing operation, and TTGV
falls in the more general category of Zermelo-like theories in which pairing fails.Track
down Bolzano’s discussion of attributes of the notion of set which includes
formation of sets from objects of different species, which is not permitted
here, and is permitted in Zermelo.



THEOREM 5
If x,y, z,w are all of the same kind, (x,y) = (z,w) iff t = z and y = w.

Proof: The first component of a pair p = (z,y) = {{z},{z,y}} can be
identified as the only object which belongs to every element of p: clearly z
belongs to both {x,y} and {z}; if z belongs to both {z,y} and {z} then it
belongs to {x} and so is equal to x. The first projection can be expressed as
m(p) = 6((p), and we have shown 7 (z,y) = .

The second component of a pair p = (x,y) = {{z},{z,y}} is the only
object which belongs to exactly one of the elements of p. y belongs to {z,y}:
if it belongs to {x} as well, then y = = and {x,y} = {x}; if 2 belongs to
exactly one element of p then certainly either z = x or 2z = y. If 2 = z, then
z € {z} and z € {z,y}, so {x} = {z,y} so v =y, so z = y, so in both cases
z = y. The second projection can be expressed as

d{zeJp: B(z)Np € Lu}),

where 1, denotes the largest set of singletons which is of the same kind as
A. This is a special case of notation for cardinals , and we have shown
7T2($, y) =Y.
It follows that if (x,y) = (z,w) then x = m(x,y) = m(z,w) = z and
y = m(x,y) = me(z,w) = w.
[ ]

It is useful in the sequel to have an iterable form of the singleton operation.
We defined «(z) as {x} above; for higher powers ...

DEFINITION 9
We define °(z) as x and " (z) as {t"(x)} for each concrete n.

The exponent must be a numeral constant: no quantification is possible here.

So far we have so far used the term “set” only in the unanalyzed phrase
“nonempty set”. We explain what an empty set is and so what a set is in
general.

Construction: For each nonempty set A, we postulate an object 04 (the
empty set of the same kind as A) governed by the following

Axiom of Empty Sets: For each nonempty set A, the following hold:



1. (Vo :x & 04): empty sets are empty.
2. PT(A)U {0} exists [this is equivalent to A ~ () 4].

3. ACY B — (04 = 0p [this implies that if z € A, we have 04 = 0,,(,).
Thus, if A~ B,z € Aand y € B, z ~ y is witnessed by AU B,
50 0a = Du(z) = Dryy = Op; we are choosing one empty set from
each kind containing a nonempty set].

It is important for rhetorical reasons in our presentation that we avoid
explicit mention of kinds or the relation of being the same kind in our
axiomatics. This is easy everywhere except in this axiom.

DEFINITION 10

We extend the definition of {x € A: ¢} so that, if (Vx € A : —¢), then
{xeA: o} isDa.

We define set(A) (“Ais a set”) as (Jr:x € AVA=0yy)).

We define AUD, and 04 U A as A, and Do U Dy as 04.

We define P(A) as PT(A)U{D4}.

We define P(04) as {04}

For sets A and B, we define AC B as A € P(B).

We define | J A, where A is a nonempty set and all elements of A are
empty, as Dp, where B is a nonempty set of the same kind as an element
of A (there is not always such an object).

For any nonempty set A, we define | J04 as Op, where B is a nonempty

set of the same kind as an element of A (there is not always such an object).

For any set A, we define 6(0a) as Op and 6(A) as Op if A is not a

singleton, where B is a nonempty set of the same kind as an element of A
(there is not always such an object).

The definition of () A as an instance of Separation,
{yer(z): (Vae A:ye€a)},

can now be taken to succeed for any set A and x € |J|J~x(A). A might be
empty, or the elements of A might not all have a common element, but it
will still succeed.

This completes the presentation of the basic axiomatics of the theory we
are investigating. Unfolding the consequences will take a bit of time, since

10



this is in fact a system which could be used as the foundation for mathemat-
icsm Further, its possible role as a foundation for mathematics suggests that
we can expect that other candidate axioms will present themselves.

We observe that the central place of kinds in the development of this
theory suggests that we might want an Axiom of Kinds asserting that for
each z, there is a set k() whose elements are exactly the objects y such that
y ~ x, and which further includes z as an element:

Ve:(Fy:(zeyn(Vz:z €y z2~x)))).

We have shown above that our axioms establish the existence of r(x) =
UB(z). If we assume the Axiom of Kinds, assume the Meeting Lemma
(lemma (1)) as an axiom, and omit the Axioms of Singletons and Principal
Ultrafilters, notice that

{z} ={y € k(z) :y =2} and

B(z) ={A € r*(z):z € A}

(every set containing = would be of the same kind as x(z) by the Meeting
Lemma, lemma . We find the presentation above to be preferable because
it is simpler, but also for reasons suggested in the next paragraphs.

If one wanted the notions of kind and being-of-the-same-kind to take
center stage in the axiomatics, one could axiomatize the theory thus:

Extensionality: just as in the current theory
Axiom of Kinds: as stated above. With Separation, it gives Singletons.

Diversity Lemma: (lemma [2| described in the next subsection): Kinds,
Diversity and Separation give Union.

Meeting Lemma: Kinds, Meeting, and Separation give Principal Ultrafil-
ters.

Separation: just as in the current theory

"The theory of Resnik, which we were not aware of when we defined this theory, differs
from ours only in two additional assumptions which we can state at this point in terms
of concepts we have explained: strong extensionality is assumed (objects with the same
extension which cohabit with a nonempty set are equal), and an axiom provides that there
are individuals (there is an object which does not cohabit with any nonempty set). Resnik
apparently believed that he could prove that all individuals are of the same type, so this
may be taken to be his intention, but it does not follow from his axioms.

11



Empty Sets: which can be stated explicitly as providing for a distinguished
empty object in each kind containing a nonempty set.

This would look more like the system of Resnik described below. We
prefer to make the theory look as much like Zermelo set theory as possible,
for rhetorical reasons which will become clearer later; we have in fact stated
the axiomatics in a way which does not mention the notion of kind or the
equivalence relation of being of the same kind at all.

The theory of this section as formulated initially is Zermelo-like in an
exact sense: its axioms are extensionality, separation, and a collection of
set existence principles [not quite the ones expected, and Empty Sets is an
odd fish]. The formulation just above has Extensionality, Separation, Kinds,
which is certainly a set existence principle, and various properties of the
cohabitation relation [Empty Sets being again an odd fish].

2.2 Indexed kinds; sets, atoms and individuals; discus-
sion of the axiom of empty sets: some taxonomy

Being of the same kind as a kind occurs often, and motivates a convenient
definition.

DEFINITION 11 We define x*(x) as x(x) and define s"(z) as k(k™(z))
for each concrete numeral n representing a positive integer (the n here is not
a variable over which we can quantify).

Notice that (" (z) € ™! (z) will hold for each concrete natural number n.

LEMMA 2 Diwersity Lemma
If k(z) ~ K(y) then k(x) = K(y).
No two distinct kinds are of the same kind.
This is equivalent to the assertion that k*(x) = k*(y) — k(x) = k(y).
In the presence of the other azioms it is also equivalent to the assertion
that for all x,y,z,u,v, ify € 2z € x and u € v € x then y ~ u.

Proof:
Suppose k(z) ~ k(y). Then there is a set A such that x(z) € A and
k(y) € A, and both z and y belong to |J 4, so x ~ y, so k(x) = k(y). m

12



LEMMA 3 Typing Lemma
If v € y then y € K*(x).

Proof:
This is immediate: = € y, x € k(), so y ~ k(x), so y € k*(x).

LEMMA 4 In the presence of the other axioms, the Diversity Lemma
implies the Aziom of Union.

(We of course already know that the other axioms with Union imply the
Diversity Lemma, lemma .
Proof: We show that for any z, all elements of elements of x are of the same
type. If u € y € x and v € w € z, then k(y) = k(w) is immediate; y € £*(u)
and w € k*(v) by the Typing Lemma (lemma |3 (which does not depend on
Union) so %(u) = k(y) = k(w) = k*(v), so k(u) = k(v) and u ~ v are true
by the Diversity lemma (lemma [2))

Then |JA exists as {p € k(u) : (g€ A:p € ghqge A} if uisan
element of an element of A. If there are no elements of elements of A there
are lots of witnesses to the Axiom of Union for this value of A. |

DEFINITION 12 (Integer iteration of k)
For each nonpositive integer n, we define k™(z) as the kind belonging to
k" () if there is one [if there is one it is unique by the Diversity lemma

(lemma[9)].

Note that it is obvious from the definition that x(x"(z)) = x"*1(x) for non-
positive integers just as for positive integers. It should also be evident — when
n > 2 — that x"~!(x) [if it exists] is the sole kind belonging to x™(x).

LEMMA 5 Strong Typing Lemma
For any integer n, if x € y and x € k"(u), it follows that y € " (u).
Further, if v € y and y € k™(u), then v € k" (u).

Proof:
If x € y and = € K™(u), then, by the first typing lemma (lemma |3))

Rly) = K2(2) = K(x(2) = k(K" (w) = & (),

If z € y and y € k"(u) then y € x*(z) = K" (u), so k(z) € K*(x) = K"(u)
so k(z) = k" (u). u

13



LEMMA 6 FEvery set belongs to a type k*(y).

Proof:
Let A be a set.
Then there is x such that either (i) z € A or (ii) A = D).

(i) Suppose x € A. We have shown A € x2(x) above (lemma [3).
(ii) If A = 0,(y) then we have A ~ k(z), and again A € k*(x).

DEFINITION 13 If for no y is k(x) = k?(y) we call x an individual.

Notice that no individual can have an element: if v € x then z € x*(u)
by the typing lemma.

Note further that there is nothing in our formalization which provides
that two distinct individuals are necessarily of the same type, or even that
there are any individuals at all.

It is worth noting just as an aside that when A is a set of individuals,
J A remains undefined even after the introduction of empty sets.

Sets of the same kind with the same elements are equal: this is true
because two sets of the same kind are either nonempty sets and so equal by
extensionality if they have the same elements, or empty sets, and there is at
most one empty set in each kind.

Nothing establishes that two elementless objects of the same kind are
equal: this motivates the following definition.

DEFINITION 14 An atom is an empty object which is not an individual
(and so belongs to a kind which contains sets) but also not a set.

The theory does not prove the existence of either atoms or individuals
but these remain important formal possibilities.

We discuss the Axiom of Empty Sets, which might be viewed as peculiar.
We state — but do not adopt — an axiom which would simplify assertion
of Empty Sets.

*Axiom (strong extensionality):

(VABz : Ac k*(r) NBer* (2)AN(Vy:y€ A< y€ B) = A= DB)

14



What is the asterisk for? — tf The star indicates that this is not really
an axiom — I believe it is a convention adopted from linguistics. I've
seen it used in math, and I've used it for ages myself -LRH. OK but
then explain it. Not many linguists reading this paper. — tf

Remarks:

e The strong extensionality axiom provides that there are no atoms.

e Distinct objects of the one kind with the same extension can only be
distinct individuals.

e The axiom of strong extensionality allows us to restate the Axiom
of Empty Sets in a simpler form: one can simply assert that there is
an empty object in each type x?(z) [which will be unique by strong
extensionality, so no primitive construction ()4 is required].

We are unwilling to do this because we regard the preference for ex-
tensionality in the typed theory of sets — and so by extension in our
present context — as actually having a rather doubtful basis. From a
naive standpoint, we can cite a quite natural philosophical doubt that
everything in the world is a set. El

We briefly indicate how to interpret our theory with Empty Sets in a
version of our theory without Empty Sets. The interpretation does not in-
volve any kind of choice principle. An object = is an equivalence class under
coextensionality iff it is a set of individuals or if for each y € x, x is the col-
lection of all objects of the same kind as y with the same elements as y. We
define x F'y as holding iff y is an equivalence class under coextensionality
and each element of y contains x. The resulting structure satisfies all the
axioms of our theory if E instead of € is used as membership, though in a
rather strange way, since y € x%(z) holds if # E'y: each indexed sequence of
kinds is unravelled into its even terms and its odd terms as separate indexed
sequences of kinds in the interpreted theory. Then, in each kind containing
sets, there is a distinguished empty object — namely the equivalence class
under coextensionality of empty objects in the original theory, and we take

8Qur principal reason not to assume extensionality is the profound difference between
NF (Quine’s New Foundations) and Jensen’s variant NFU which allows atoms. But this
goes beyond the naive viewpoint of this section. In the course of a complete development
of Mathematics in the Typed Theory of Sets with Urelements, we found other reasons to
doubt the advisability of assuming extensionality.

15



We note very briefly a simpler interpretation of our theory with Empty
Sets in the context of our theory without Empty Sets, which requires the
additional assumption that there are at least two objects in each kind: define
T Epew Y S

v # (@) AN £ @)} AR @) gy A {xH @) ey nT ey

The domain of the interpreted theory is the collection of all x for which
{k71(x)} is defined (that is, z which belong to some kind x3(u)) which are
not kinds or singletons of kinds in the sense of the original theory, and a set in
the interpreted theory is constructed by collecting objects of the interpreted
theory then adding the appropriate singleton of a kind of the original theory
as a label. Objects of the interpreted theory not containing the label in the
sense of the original theory are interpreted as atoms; the singleton of the
label in the sense of the original theory is interpreted as an empty set.

2.3 Relations, functions, and numbers
We proceed to define relations and functions in a standard way, then define
cardinal number in a way which is unusual nowadays but has precedent.
LEMMA 7 Ifz ~vy, then {z,y} € k*(z) = *(y).
Proof:

This is immediate from the Typing Lemma, lemma . [ ]

Notice that if (a, b) exists, we must have a, b of the same kind and (a, b) €
k3(a) = K3(b). Thus —

DEFINITION 15

For any sets A ~ B we can define A x B as {u € k*(A) : (Jab: u = (a,b))},
and this set will contain exactly the pairs with first projection in A and second
projection in B.

As usual, this set is called the cartesian product of A and B.

16
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DEFINITION 16

We call a set a relation if all of its elements are ordered pairs.
If R is a relation, we define x Ry as (x,y) € R.
If R is a relation, we define dom(R), the domain of R as

{rer2R): (Jy: (z,y) € R)}.
We define R~ (the converse of R) as
{fuek’(R): Fry: v RyAu=(y,z))}.

We define rng(R), the range of R, as dom(R™1).
We define R“A as rng(R N (A x k°(A))), for any set A and any relation
R € *(A).

DEFINITION 17

A relation F' a function iff F“{a} is a singleton for each a € dom(F'),

We define F(x) implicitly by F*“{a} = {F(a)} for all a € dom(F).

We define F : A — B as “F is a function, dom(F') = A, and

rng(F) C B”, and read this “F is a function from A into B”.

We say that a function F is an injection iff F~1 is a function: if F~' is
a function, we call it the inverse of F.

We say that a function is onto B iff rng(F) = B, and we say that a
function is from A onto B if its domain is A and its range is B.

We say that a function is a bijection from A to B if it is an injection
with domain A and range B.

We define |A| as the set of all B such that there is a bijection from A to
B, and call this the cardinality of A. The condition |A| = |B| expresses for
us the idea that two sets are of the same kind and the same size.

There are obvious examples of sets which are of the same size but of
different kinds: if z ¢¢ y, then {z} and {y} are of the same size, but their
cardinals are not the same, being of different kinds.

DEFINITION 18
We define for any set A the set 1“A as

{uer(A): (Fac A:u={a})}.
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This is the elementwise image of A under the singleton operation.
Notice that k(1“A)) = K*(A).
We define ™ “A analogously.
We define T(|A]) as [“A|.
(It should be clear that this does not depend on the choice of A from |Al.)
We define T"(|Al]) as [ “Al.

An element of |A| and an element of T™(|A|) are clearly of the same size,
and this captures the relation of being the same size between sets of different
kinds, but only under particular concrete circumstances. The T" operation on
cardinals is injective, so there are natural partial operations 7! and T7~".

DEFINITION 19
We say that |A| < |B| iff there is an injection from A to B (again,
this clearly does not depend on the choice of representative sets from the

cardinals).
We define |A| < |B| as holding iff |A| < |B| and |A| # |B.

DEFINITION 20

We define |A| + |B| as |AU B| where A and B are disjoint. The sum of
two cardinals will be undefined if they do not have disjoint representatives.

We define |A| x |B| as T72|A x B).

If A and B are sets, we define |B|A as T3(|{f : (f : A = B)}|), the
cardinality of the set of functions from A to B shifted downward suitably in

type.

Exponentiation cannot be total, because in some circumstances the col-
lection of functions from A to B is provably larger than the common type of
A and B. The other operations may fail to be total. However, if the axiom
of infinity is assumed, addition and multiplication of cardinals are total.

DEFINITION 21
We define 0,20,y as || and 1,20,y as [{x}].
We say that a set of cardinals which belong to x*(z) is inductive if it
contains Oy2(,) and contains A + 1,2, whenever it contains A.
We define N,y as the intersection of all inductive sets with elements in
k3(x) [kinds containing sets of sets].
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The subscripting convention here is to subscript with a kind of the same
kind as the subscripted object; the subscripts may be omitted where they
can be understood from the context. We have succeeded in defining natural
numbers belonging to each kind x3(x). Natural numbers of different kinds
are not the same objects, but the T operation provides an injective external
map from natural numbers in x3(x) to natural numbers in £37"(x), which is
also onto if the axiom of infinity is assumed.

DEFINITION 22
We define a sequence as a function with domain some N3 (y).
We demonstrate the ability to define sequences by iteration such that
xo = a and x;1y = F(x;). In this case we can write z; as F'(a).
We define the sequence x as the intersection of all sets which contain
(0,a) and contain (u+ 1, F(v)) whenever they contain (u,v).

It is a straightforward exercise to prove that this last set is a function
with the desired properties. This can be used to justify more complicated
recursive definitions. What it cannot do, except by analogy, is cast light on
the meaning of notations x"(x) or /" (x), because all elements of the domain
of a sequence (or any function) must be of the same kind, and operations
like k and ¢ send objects to objects of different kinds.

We rearticulate and prove Cantor’s Theorem on sizes of power sets. We
have to rearticulate it because in its original form it is false: |A| < |P(A)] is
false because the cardinals are of different kinds. The correct theorem is

THEOREM 6 (Cantor’s Theorem) |.“A| < [P(A)|.

Proof:

Clearly [¢“A| < |P(A)]|: the identity map is the desired injection.

Suppose [t“A| = |P(A)|. Then there is a bijection F' from the singletons
of elements of A to the subsets of A. All that we use about it here is that it
is an injection.

Define R as the set of all a € A such that a ¢ F({a}). Then consider
F~Y(R) = {r} and consider the proposition » € R: this holds exactly if
r ¢ F({r}) = F(F~Y(R)) = R, which is a contradiction.

u

The Mathematics here is the same as in the usual treatment, though the
treatment using kinds makes it a little less familiar.
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Notice that for any z, |.“k(z)| < |P(k(z))|: this indicates that there are
more elements in x?(x), which includes P(x(x)) as a subset, than there are
(singletons of) elements of k(x). The cardinal |P(k(z))| over £?(x) is in an
external sense larger than any cardinal over k(z). There is a proof here that
k(r) # k*(x), though we do not address this issue until the next section.
This is the treatment of the Cantor Paradox of the largest cardinal in this
theory: there is a largest cardinal over each kind, but there are cardinals
larger than this cardinal over the “next” kind.

THEOREM 7 Cantor-Bernstein Theorem:
If |A] < |B| and |B| < |A] then |A| = |B|.

Proof:

The proof of this here is quite standard, we merely record that we have

it.
|

We can define transfinite ordinal numbers as isomorphism classes of well-
orderings under similarity. The usual definition due to von Neumann does
not work here, because the successor step x U {x} of the construction of the
usual ordinals always fails: there is no such set.

We define linear orders and well-orderings in the usual way: a well-
ordering for us is reflexive (< rather than <). The notion of isomorphism
of well-orderings is defined as usual. If < is a well-ordering, the order type
of <, written ot(<), is the isomorphism class of <; an object is an ordinal
number iff it is the order type of some well-ordering. For any relation R,
we define R as {({z},{y}) € 72(R) : z Ry} and for any ordinal o = ot(<)
define T'(«v) as ot(<").

Notice that if z is in the domain of a well-ordering < belonging to «,
then < belongs to x*(z) and a belongs to x°(x). The well-ordering of the
ordinals up to «, which we might think from the outside is the same order
type as «, is actually in x%(z), four types higher, and can be shown to be
T*(«). The Burali-Forti paradox does not afflict us: if  is the order type of
the ordinals over (), the ordinal 241 contains well-orderings longer (in an
intuitive sense) than any over x(z), but it is a well-ordering over x°(z) (the
type where ordinals « over x(z) live) and we have here a proof that x°(z)
is not the same type as k(z), though we will not chase down the details (a
simpler proof appears in the next section).
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We can formulate axioms of infinity and choice very naturally. A simple
form of the axiom of infinity is the assertion that for any natural number n (in
any type) n+1 is nonempty. The axiom of choice can be formalized exactly as
usual as asserting that partitions have choice sets. The well-ordering theorem
can be proved.

2.4 There are many kinds, but the apparent hierarchy
of kinds is hard to talk about

We have a Diversity Lemma (lemma [2) which asserts that there cannot be
two distinct kinds that belong to the same kind. How do we know that there
is more than one kind?

THEOREM 8 For any x, k*(x) # k(x).

Proof:
Suppose that we have an z such that k(z) = ().
Define R as {y € k(x) : y € y}. R~ k(x) so R € k*(z) = k(x).
So R € R iff R € k(z) [just shown to be true] and R ¢ R.
This is a contradiction.

THEOREM 9 For each concrete n > 1, k"(x) # k(z).

Proof:

The argument is very similar to the argument above but with some devi-
ous use of iteration of the singleton operation. Suppose k"(z) = k(z).

Let Ro, = {t"%*(y) € " Hz) : " 2(y) € y}. To make it entirely
clear that the existence of this set follows from Separation, rewrite it as
{u € /f"‘l( ) (Fy :u = 1""2y) A" *(y) € y)}. Notice that for any
y € k(x), " 2(y) E K" 1(90) Notice that R,,, € k™(x) = x(x). It follows
that L”_Q( ne) € K" (R,,). Tt then follows that . ?(R,.) € R, if and
only if :""*(R, ) & Rn., which is impossible.

u

We give another proof of these results, due to the second author, with a
somewhat different flavour.
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DEFINITION 23
We define x €' y as x € y;
For each concrete n we define x €y as (Jz:x €" 2 Nz € y).

THEOREM 10 (Vicious Circle Principle)
There are no n-loops of circumference n:
that is, for no x is x €" x. For eachn > 1, k"™ (z) # k(z)

Proof:

Reflect that the (metatheoretic) function k : = — the unique kind to
which x belongs is an €-homomorphism. Not an isomorphism but at least
a homomorphism. Now suppose there is an €-loop, of circumference n, say
(note that this n is a natural number of the metatheory, as is the ‘i’ in‘ k%’
below): notice that if k"1 (x) = k(z), then we have such a loop consisting of
the k’(z)’s for 1 < i < n. The elementwise image under « of any such loop
is an €-loop of circumference n consisting exclusively of kinds. (There is no
suggestion that this loop of kinds is a set — it doesn’t need to be, it isn’t, and
it can’t be.) Let x(u) be one of those kinds: we introduce the notation C;
for '(u). For each of the kinds C; we can form {z € C; : z " z} — call it d;.
For each ¢ we argue that d; € d;;,. For suppose not; then d; belongs to an
€-loop of circumference n whose penultimate member x is a member of d;.
But then = belongs to an €-loop of circumference n, contradicting z € d;.
So the d; constitute an €-cycle of circumference n. But then (for i > 0)
d;—1 € d; and so cannot belong to such a loop. But we have just shown that
it does.

So there is no €-loop of kinds of circumference n, and so for no = and
n > 1 does k" (x) = k(x). But then there are no €-cycles of circumference
n at all. This works for any n.

]

Cognoscenti will see the parallel with the proof that {x : = & z} is not a set.

Incidentally this fact that the function k is a €-homomorphism (evident from
the development in section 2) shows that there cannot be any nontrivial
transitive sets. Suppose z € y € zAx € z. Then k(z) € k(y) € K(z) Ak(x) €
k(z). Since z,y both in z we have k(z) = k(y). So k(x) = k(y) is a member
of itself, and cohabitations cannot be self-membered because of Russell’s
paradox.

We can now see — for any x — that x(z), k*(z), k3(z) and so forth are
distinct kinds, as far out as we can count. But notice that we cannot really
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talk about this very much. We cannot define a sequence of kinds in this way
because, if we are to define a sequence, all of its terms have to be of the same
kind. Nor can we express the thought that this apparent sequence of kinds
includes all the kinds there are. We just do not have the language to say it.

Now we can hint at another thing we cannot actually sa;ﬂ. It seems very
implausible that there should be a kind x(z) such that x*(z) is defined for
every integer i. But we cannot rule this out, as we will see. We may even be
tempted to adopt an axiom which seems to imply that all kinds are like this.

2.5 Coercing formulas into typed or typable form

We first introduce a useful logical notion.

DEFINITION 24

We say that two variables v,w are connected in a formula ¢ iff there is
a sequence {u;}ien such that uy = v, u, = w and, for each relevant i, u; and
;11 occur together in an atomic subformula of ¢.

We say that a formula ¢ is connected iff any two variables occurring in
it are connected.

There is quite a lot that can be said about this notion of connected formula.
It looms large in later sections of this paper. It has an interesting history. It
is defined and explained in [2], but that is surely not its first appearance. It
is significant that lemmal[8 which follows is not valid constructively, and a lot
of manipulations in constructive logic rely on its failure: e.g. {z : z = 0Ap}
cannot be relied upon to be equal to one of {0} and . Douglas Bridges
(S:alls such objects fishy sets — an expression apparently originating with Ian
tewart.

LEMMA 8 Quantifier Connection Lemma
Any formula is equivalent to a formula in which every quantified subfor-
mula is connected.

Proof:

Any formula is equivalent to a formula in which all quantifiers are uni-
versal: we assume that all quantifiers are universal in all formulas in this
proof.

9In section we will give an actual proof that this cannot be said.
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Let ¢ be a formula. Let (Vz : ¢) be a minimal non-connected quantified
subformula of 1 of greatest typographical length: ¢ contains no quantified
proper subformula which is not connected.

Let o be a maximal subformula of the given formula which does not con-
tain any variable connected to x. The smallest quantified formula properly
containing a must be (Vx : ¢) itself: if (Vy : ), a subformula of ¢, properly
contained «, then it could not contain z or any variable connected to = be-
cause (Vy : ¢) would be connected, and o would not be maximal. So (Vx : ¢)
is equivalent to

(aN (Vo :oplzx=z/a]) V (ma AV : ¢-x =x/a])).

Notice that the quantified subformulas introduced here are of shorter ty-
pographical length than (Vz : ¢) [they may contain further subformulas
disconnected from x yet to be processed].

[terate this process as necessary to obtain an equivalent formula to (Va :
¢) in which all quantified subformulas are connected, reducing each maximal
subformula not connected to x, then do the same for v, applying the process
to each minimal non-connected quantified subformula of ¢/ until none remain.

|

Can we impose a Typing Convention on our Language?

DEFINITION 25
e We say that a formula is kind-bounded iff each quantifier in the formula
is restricted to a kind k(u), where ‘u’ is free in the formula.

o We say that a formula ¢ is stratified iff there is a function T from
variables to natural numbers such that for each subformula x = y of ¢ we
have T(z) = 7(y) and for each subformula x € y of ¢ we have T(z)+1 = 7(y).

THEOREM 11 Fvery kind-bounded formula equipped with an intended as-
signment of kinds to parameters is equivalent to a stratified formula.

Proof:
We begin by defining a general procedure for assigning kinds as types of
variables in formulas which we highlight for future reference.

General typing procedure: Construct a function 7* (in the metatheory,
there can be no such function in our world) mapping variables in a
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formula ¢ to kinds. Since we know the kind of each parameter v, we
can set 7%(v) = k(v). For each bound variable u which is restricted
to k(u) where u is a parameter (where the kind of u and so the exact
value of x(u) is understood to be known), we set 7*(z) = k(u). We
can assume without loss of generality that bound variables restricted
to different kinds have different names.

General stratification procedure: Now each atomic formula v = v for
which 7%(u) # 7*(v) (both being defined) is equivalent to —u = u
and can be replaced with that, and each atomic formula u € v for
which k(7*(u)) # 7"(v) (both being defined) can be replaced with the
equivalent —u = u.

In a kind-bounded formula ¢, the general procedures above assign a type
to every variable and make some modifications to subformulas to facilitate
stratification enforcement.

In the formula ¢* obtained after these modifications, define 7(z) for each
variable x as the largest n such that 7*(x) = k™(7*(y)) for some variable y
appearing in ¢. This is a stratification. [ ]

THEOREM 12 Fvery formula of our language is equivalent to a stratified
formula, given an assignment of kinds to parameters in the formula.

Proof:

We begin with partial assignment of kinds as types to variables in a
general formula: a parameter v will be assigned type x(v) [an assignment of
kinds to variables is postulated] and a bound variable x which is bounded
in a kind x(u) will be assigned type x(u). Variables governed by unbounded
quantifiers will also be assigned types in the course of the process described
below. At any given point in the process, some variables will be typed and
some will not: ones which are not typed are always governed by unbounded
quantifiers.

Notice that if each of v and v is typed because they are parameters or
kind-bounded quantified variables and u = v appears in the formula and the
types assigned to v and v are different, then © = v can be replaced with
u # u, since it is simply false (and this can at our discretion be eliminated
by logic). If u € v appears and u and v are both assigned types and the
type assigned to v is not the kind of the type assigned to u, then u € v can

25



be replaced with u # wu since it is false (and thus can at our discretion be
eliminated using logic). Thus we can assume that these typing conditions
hold on atomic subformulas in which both variables have been assigned types:
for any atomic subformula u R v where w is assigned type s and v is assigned
type t, s Rt holds, where R is either = or €. We are able to assume these
conditions for variables governed by unbounded quantifiers as well, because,
as we will see, at the point where such a variable is assigned a type, it simply
does not occur in any atomic formula with a variable assigned type previously.

Notice that if we express each kind used as a type in the form x"(u)
where u is used as a type and is not the kind of any kind used as a type, then
assigning n as type to each variable originally assigned " (u) will give a strat-
ification, if all variables are typed, subject to enforcement of the conditions
on atomic subformulas described in the previous paragraph.

In a formula 1) in which each parameter and each variable bounded in the
kind of a parameter are typed as discussed (and possibly some unbounded
quantified variables have been assigned type in ways not yet disclosed, but in
any case not violating the conditions on typing in atomic formulas motivated
by stratification) consider a maximal subformula (Vx : ¢) of ¢ where z
has not been assigned a type (and so is quantified over without a kind as
bound). Without loss of generality, we assume that we use only universal
quantifiers, and that bound variables are systematically renamed so that
different quantified subformulas always have different binding variables. Note
that all variables free in (Vz : ¢) are typed, or it would not be a maximal
subformula with the indicated property.

In the formula ¢, the variable z is free. Enumerate the types (t;) of the
form ™ (u) where u is a type already used and m is an integer with absolute
value less than or equal to the number of variables in . Notice that this
will include all types which could be deduced for = by its occurrence with a
variable already assigned a type in an atomic formula, but it also includes
any type which could be deduced for x at any time in the future due to future
type assignments to variables. (Vz : ¢) is equivalent to the conjunction of
formulas (Vz; € k(t;) : ¢;), where ¢; is the result of first replacing x with x;
then eliminating atomic subformulas which become ill-typed, and an exotic
conjunct

(Ve (f\ w(a) # (1) = ¢°),

where ¢* is the result of first replacing x with x*, assigning it a type distinct
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from all K™(t;)’s where m as above is an integer with absolute value greater
than or equal to the number of variables in ¢ [the resulting formula ¢* will
be the same for any such choice of type], then extending the type assignment
and removing ill-typed atomic subformulas, which will include all of the
atomic subformulas containing x and a variable already assigned a type, so
that ¢* contains no typed variables other than x* which are connected to
x*’s via typed variables, and supports a type assignment to x*, as well as the
variables already typed [the only ones which occur are ones not connected to
x*, or at least not via variables assigned types]. Retain the type assignment
to x* for further use though we do not bound z* in the formula. If x* is
connected to a variable y which was already typed, there must be a variable
z on the path from x* to y which is untyped so far, which means it must
be bound by an unrestricted quantifier, which must be inside ¢* since any
quantifier in ¢ whose scope includes (Vx : ¢) is restricted to a kind or has
had a type assigned to its binding variable earlier in the process. Further
progress toward assigning a type to z will take place at the later stage where
we process the formula quantified over z; it is impossible for z to be assigned
a type used before the type of * was determined and remain connected to
x* when all variables on the path are typed, because the path cannot be
long enough: some atomic subformula would be eliminated: z, when types
have been assigned to all variables on the paths to #* and to y, may remain
connected to x*, or to y, but not to both.

Now we describe the elimination of the exotic conjuncts, whose strange
boundedness to complements of concrete finite unions of kinds represents a
stratification violation. [we write ¢*(z*) instead of ¢* to facilitate writing
many substitutions]

The assertion

ntli-1 n+1
(Yo, .o Ty (/\ /\ZUZ P> x;) = \/ 9" (z:))
i=1 j=1 i=1

succeeds in asserting that there are no more than n counterexamples x(t) to

(Vo™ € k(1) - ¢*(z7))

In this transformation, note that a type assigned to z* continues to be as-
signed to the variables x;; this is counterintuitive because the formula says
that any two distinct x;’s have different types, but formally it works, because
we never subsequently do any type reasoning in contexts involving more than
one of them, and in the formulas x; % z;, the two variables have the same
relative type for purposes of stratification, weirdly enough.
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Now it is straightforward to assert that listed items x(t}),...,x(t],) are
exactly the m counterexamples by asserting that each is a counterexample
and there are no more than m counterexamples:

m+1i—1 m+1 m
(V&1, . .. ) T - (/\ /\x i x;) — \/ ¢ (2;)) A /\—(V:U; € k(t) : ¢ ()

Then the desired assertion equivalent to

(Va™ = (J\ w(a") # K(t:) = ¢" (7))

%

is the disjunction of the assertions that each finite subset of {x(t1), ..., k(t,)}
is the exact collection of counterexamples k(t) to (Vz* € k(t) : ¢*(z*)).

Now observe that this procedure produces a formula respecting all type
assignments already made (preserving types assigned to unrestricted bound
variables of which copies are made, as noted above).

We then iterate the procedure on the outermost quantifiers for which type
assignments have not been made to the (unrestricted) binding variable, and
we arrive ultimately at a completely typed formula [by which we do not mean
kind-bounded: some bound variables remain unrestricted, but are assigned
types to support the process, as described], which can then be stratified as
described above [reiterating the observation that subformulas x; % x; pro-
duced in the elimination of exotic conjuncts are unproblematically stratified
with z; and x; assigned the same type, as is easy to check by expanding
them, though their semantics makes this rather unexpected.]

[ |

THEOREM 13 Fach instance of separation “{x € k(u) : ¢(x)} exists”,
equipped with an assignment of types to parameters, is implied by a conjunc-
tion of instances {x € k(u) : ¢*(x)} exists” which are kind-bounded (and so
easily stratified) and use no kinds as bounds other than types k'(u) where i
is an integer (so the stratification is uniquely determined by its value at x).

Proof:

Start with an instance (3A € k?(u)(Jz € k(u) : z € A <> ¢)) of separa-
tion. Conversion of this to a stratified formula by the procedure described
in the previous theorem will give a stratified instance of separation (since all
manipulations are inside ¢).
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Conversion of this using the procedure in the Quantifier Connection Lemma
(lemma [8]) will still yield a stratified formula, a disjunction of instances of
separation each of which is connected, with formulas defining cases in which
different instances of separation are to be used which are logically exhaustive
(and which involve no variable connected to ).

A stratified connected instance of separation admits exactly one typing
of variables, with each type being of the form x’(u). Any path from z to a
variable determines a candidate type of this form, and there is such a path
because the formula is connected. All paths determine the same candidate
type, because the formula is stratified. Moreoever, all variables appearing
in such instances of separation are actually bounded in types x*(u), because
variables over which unbounded quantification takes place which survive the
stratification process described in the proof of the previous theorem are not
connected to previously typed variables (and so not connected to z) at the
end of the process.

]

It should be noted that all statements of equivalence in this subsection
hinge on the infinite collection of instances of the separation axiom which
prove k"(z) # k(x) for n > 1: these are used to justify elimination of
ill-typed atomic subformulas. It should also be clear that the equivalences
shown do not depend on the entire framework of TTGV: all that is needed is
the strong typing lemma (lemma [5)) the fact that distinct kinds are disjoint,
and the fact that x"(x) # k(x) for n > 1.

3 Typed theories of sets introduced; older
proposals for type theory with general vari-
ables

We presented TTGV in the previous section as if it were an independent pro-
posal for the foundation of mathematics. The knowledgeable reader should
be able to divine a lot about its provenance from what we have said so far;
in this section we will make the historical background of this proposal ex-
plicit. Our aim in presenting things in this way is to make it clear that a
theory of this kind can be presented without explicitly or implicitly assuming
knowledge of the typed theories at all.
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It has been known as long there have been model theorists that a many-
sorted theory can be captured in a one-sorted language — as long as the
number of sorts is finite. There is generally a good reason for a topic to
be set up in a many-sorted language; for one thing, the sorts typically are
well-motivated entities with a previous life of their own. For another, the
many-sorted language tends to be computationally more tractable than the
one-sorted, in that many falsehoods expressible in the one-sorted language are
— in the many-sorted setting — nipped in the bud by typecheckers and simply
cannot be expressed. (“Suffer us not to mock ourselves with falsehood”).
So people tend not to bother with turning many-sorted theories into one-
sorted form. Who in their right mind would try to express vector spaces in a
one-sorted language? What would be the point? Nobody — as far as we are
aware — has ever tried to capture Church’s or Martin-Lof’s type theory in a
one-sorted language. To make such an attempt would be to miss the point.

However there are examples of typed (many-sorted) theories that one
might want to capture in a one-sorted language. A swathe of examples
is provided by typed set theories. There is no point in trying to capture
vector spaces in a one-sorted language with a sort predicate because there is
no sensible theory related to vector spaces waiting to be expressed in that
language. In contrast we are interested in expressing typed theories in a
one-sorted language because there are interesting theories a-plenty queueing
up to be expressed in that one-sorted language — namely all the set theories.

Some remarks on the number of sorts: If there are only finitely many
then everything is tickety-boo. You invent a one-place predicate letter for
each sort, and adopt an axiom to say that every object bears precisely one
of these predicates. However if there are infinitely many sorts this can’t be
done. You can say that nothing has more than one type, but there is no way
of saying that every object bears one of the sort predicates.

3.1 Typed theories of sets: TST and variants

The original theory of this kind, which appears to have been implicitly pro-
posed by Norbert Wiener in 1914 and explicitly described by Tarski in the
1930s, has been called TST by the Belgian school of logicians who studied
NF, and this is what we will call it. We note for historical accuracy that
this is not the theory of types of Russell and Whitehead’s Principia; it is
considerably simpler, and Russell and Whitehead did not have mathematical
knowledge required to simplify their system to this form.
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TST is a multi-sorted first order theory with equality and membership.
The sort of a variable v will be written type(v). We provide a countable
supply of variables of each sort. Using ++ to denote concatenation of strings,
the formation rules for atomic formulas are that v++¢ = ’++w is a well
formed atomic formula iff type(v) = type(w), and v++° € *++4w is a well-
formed atomic formula iff type(v) + 1 = type(w). All atomic formulas are
formed in this way. Writing this out in a way which manages use and mention
correctly is a technical challenge!

We do not follow the convention of equipping variables with type super-
scripts in TST, which makes for very cluttered notation, though if we do
provide a variable with a numeral superscript, one may expect that the type
of that variable is as indicated.

The axioms of TST are a scheme of extensionality and a scheme of com-
prehension. The scheme of extensionality provides that each well-formed
formula of the shape

Vey:z=y+ (Vz:z€x 4 2€Y))

is an axiom. This asserts that objects of type n + 1 with the same extension
(consisting of type n objects) are the same. The scheme of comprehension
provides that for each well-formed formula ¢ in which the variable A is not
free, (3A : Vo : (z € A < ¢)) is an axiom if it is well-formed (the only
additional requirement being that the type of A is the successor of the type
of z).

It is usual to adjoin an axiom of infinity (whose form can be deduced
from the development of mathematics in TTGYV in the previous section) and
often the axiom of choice to this theory, but they are not part of the formal

definition of the theory we give here.

Some variants of this theory are worth noticing. Hao Wang [§] proposed
the variant TZT which indexes the sorts by all integers instead of just the
nonnegative integers. As he points out, the consistency of TZT follows from
the consistency of TST by a simple compactness argument.

Wang himself called his theory ‘TNT’ for “theory of negative types”; We

prefer to call it ‘TZT’ because it has all integer types, not just negative

types, and we reserve ‘TNT’ to denote the theory of negative types — types

organised in order type w*. ‘TZT’ has become the standard notation for

the theory of [§]. Tt is far from clear that every model of TNT has an

((elnd—extension that is a model of TZT- so the two theories are importantly
istinct.

The variant TSTU differs from TST in allowing urelements. Its exten-
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sionality scheme is
Vaeyz:ze€x > (z=y+ (Vz:z€x 4 2€Y)))

(providing that nonempty sets with the same extension are equal) and it is
convenient to supply a primitive constant 0°*! of each type 7 with the axiom
scheme consisting of (Vz : x € ("™!) for each concrete natural number 7. An
object of type i + 1 is a set if it has elements or is equal to (*!.

In any of these theories, one can provide a term construction {z’ : ¢} of a
term of type i+ 1 representing the unique set A such that (Vz : (x € A < ¢)).
The type rules for term constructions are straightforward to adapt from those
for variables.

It is straightforward to show that TST is interpretable in the usual set
theory ZFC. Let X be an arbitrarily chosen set. Define X,,,; as P(X,,) for
each n. In any formula of the language of TST, assign each parameter of
type ¢ a value in X; and interpret each quantifier over type 7 as a quantifier
restricted to X;. It is straightforward to check that each interpretation of an
axiom of TST is true. The fact that the sets representing the types are not
disjoint is harmless[/|

We further note that TSTU is interpretable in TTGV, the theory we de-
fined in the first section. Let x(z) be a kind. Interpret each parameter of type
i as an element of x*+! (x). Interpret each quantifier over type i as a quantifier
restricted to x*7!(x). That the axioms of TSTU hold is immediate from the
axioms of TTGV: the weak extensionality of TSTU has the same form as the
extensionality of TST, and the interpreted comprehension axiom of TSTU
follows from the separation axiom of TTGV. Of course TST is interpretable
in TTGV with the additional assumption of strong extensionality.

We further observe that ...

THEOREM 14 Any model of TSTU gives us a model of TTGYV.

Proof:
Take a model of TSTU, ensure that the types are disjoint, and assign
the truth value False to all ill-typed atomic formulas. The theory of the

10

This is one of a couple of places in the paper where we are reminded that we need to
track down Boffa’s discussion of typed properties. See Pétry [3] and Boffa [I]. Please
action this footnote. RH: I think that is for you — you are the one that knows
about this? Yes, but you were the one who brought it up!
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resulting structure satisfies the axioms of extensionality [for nonempty sets],
singletons, unions, principal ultrafilters and empty sets by inspection. It
satisfies every kind-bounded stratified instance of separation [because these
are exactly the translations of the instances of TSTU comprehension], and
it satisfies the conditions k™ (u) # r(u) for n > 1 since we have arranged for
the types to be disjoint. It follows that general instances of separation hold
by the argument of Theorem and we have a model of TTGV.

]

Our reasons for preferring to frame our flagship theory of types with
general variables with weak extensionality will become evident shortly.

3.2 Quine’s original proposal of type theory with gen-
eral variables

The central text here is [5], where Quine (starting at ch XII p. 266) sug-
gests that typed variables of each type n could be reinterpreted as variables
restricted to objects satisfying a predicate T,,. FEach quantified sentence
(V2" : ¢) can be reconstrued as (Vz : T, (z) — ¢) where all variables are
unsorted and all quantifiers are unbounded.

He further argued that each predicate T, can be defined in terms of €.
He notes that on the mental picture we already have of the world of type
theory, (3z : x € z Ay € z) is equivalent to the assertion that = and y are of
the same type. Now if y € 2z, we expect on the basis of our mental picture of
the world of type theory that the type of y immediately precedes the type of
z. Combining these two thoughts, we can say that the type of x immediately
precedes the type of y (written x PTy) if and only if x € z for some z of the
same type as y, that is, (Jzw : © € zAz € wAy € w). Then an object z is of
type 0 iff nothing is of type immediately preceding that of x: Ty(z) is defined
as (Vy : =yPTz). And then T,,1(y) can be defined (for each concrete n) as
(Vy : T(y) — yPTx).

The following definitions make all this precise.

DEFINITION 26
[definition of “being of the previous type”]
xPTy is defined as (Jzw:x EwAw € z Ay € 2).
[definition of type 0]
To(x) is defined as (Vy : ~yPTz).
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[definition of next type/

For each concrete natural number n, T,.1(x) is defined as (Vy : T,,(y) — yPT x)

He then stated his axioms schematically. The axioms are exactly the ex-
tensionality and comprehension axioms of TST with typed quantifiers trans-
lated to restricted quantifiers as suggested initially: or so he thought. There
is a technical issue to be raised later.

Quine’s comprehension axiom: For any formula ¢,
(FA: T 1 (A) ANV : T (z) = (z € A 9))).

Quine’s extensionality axiom:

(Vayz : Th1(2)ANTps1 (W ANVw : T (w) = (w Ex > w EY))Ax € 2z — y € 2).

We preserve the form of this axiom, which reflects defining equality in
terms of membership, but it could be phrased differently.

This theory does prove that there are individuals, and, in fact, that each
type is nonempty. If (Vz : =T, (x)), it follows that (Vy : T,,(y) — yPTz),
vacuously, that is (Va : 7,11 (2)) whence it follows by comprehension that

FA:Th2(AANNVz:z € A— (Thii(z) =z € x))),

which, since T, .1 holds of every x, gives Russell’s paradox.

This axiomatization has some alarming features that Quine was aware of,
and some he was not aware of.

It does not seem that this theory proves that the relation of being the same
type (which is not prominent in the exposition) is an equivalence relation,
because it is not clear that the types are disjoint.

There is no way to even express the idea that (Vz : (3In : T,,(z))): nothing
precludes the presence of objects which are not of any of the enumerated
types, and the theory says very little about such objects and cannot even
express the idea that there are or are not such objects. Quine knows this.

The axioms as expressed above do not ensure that

(Vey :x € y AT (y) — To(x)).

It appears that type n + 1 objects may have elements which are not type n
objects, though the extensionality axiom does say that the identity of a type
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n + 1 object is precisely determined by its type n elements. Quine is aware
of this issue.

He discusses three candidate axioms in connection with this issue, which
are statements familiar to us.

Typing lemma: (Vzy:z €y — (T.(z) < Thi1(y)))
Separation: (Jz: (Vy:y€x <y € 2A9))
Union: (3z: (Vy:y €x <y e?z))

He points out that if one assumes the typing lemma, one can simplify
comprehension to

(Fz: Ty () ANVy 1y € z <> Ty (x) A 9))

and one can get separation in the form (3z : (Vy : y € z > T"(z)\y € z\9)),
but to get general separation we would need to know that everything belongs
to a type, which we cannot even say and similarly approximate union by
(Fz: (Vy:y €z T(x) ANy €2 2)) In both cases (existence of {y € z : ¢}
and existence of |Jz), T,4+1(2) would establish the existence of the sets in
the presence of the typing lemma. Of course all three of the assertions above
hold in our already formed mental picture of type theory, and they could be
adopted as axioms [they all hold in TTGV].

The typing lemma also appears to ensure that empty sets of distinct types
are distinct. [this needs to be written up|. This important issue is not one
which Quine raises.

We indicate an alarming feature, which Quine appears not to notice. Ex-
amination of the text shows that Quine overlooks the complications which
arise from the fact that the comprehension axiom of his theory is formally
stronger than the comprehension axiom of TST, in that the formulas quan-
tified over are not required to be translations of formulas of TST. This turns
out to be no obstruction to what is being done (it does not make the theory
any stronger than TST), but this has to be demonstrated.

From a model of this theory, one obtains a model of TST by dropping
from the model all objects « which do not satisfy one of the predicates T,,(z),
and dropping from the extension of each y such that T,,41(y) all  which do
not satisfy 7, (z). [One should note that this procedure for cutting down the
model is not describable in the language of the theory]. If one further modifies
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this model to ensure that the empty sets in different types are distinct, one
can then (as discussed above) convert this model of TST to a model of TTGV.
This model of TTGV will further be a model of Quine’s theory [it should be
evident that any model of TTGV satisfying strong extensionality is a model
of Quine’s theory] satisfying the additional propositions (the typing lemma,
separation and union) discussed above. Further, any model of TST with
disjoint types converts to a model of TTGV with strong extensionality, and
so a model of Quine’s theory with the additional propositions. Our theorem
is thus seen to justify the strong form of Quine’s comprehension axiom
and the natural further axioms he wants to consider based on the intuitive
picture of TST that we already have.

This theory is not quite the same as ours. To begin with, it has what
we regard as a formal defect: there is no need to axiomatize the theory with
schemata with concrete natural numbers as indices, as we have demonstrated
with our axiomatization (and as Resnik did prior to our work and very simi-
larly). Quine does observe that he cannot prove and actually cannot even say
that every object belongs to some type. Further, his theory says nothing at
all about objects which do not belong to a type. In our theory and Resnik’s,
it is immediate that every object belongs to a type [which we call a “kind”
in section , but the types may not be restricted to the familiar ones.

We would suggest enhancing the definition of 7,,,1(x) to include the as-
sertion that 7T}, (y) holds for each y € x. This is just as much justified by the
mental picture of the world of type theory that we start with, and preémp-
tively removes one of the alarming features of the theory.

Quine says more about individuals than we do; he asserts that all indi-
viduals belong to the same type. Resnik also thought that he had asserted
this (see below, section [3.3))). We have not felt the need to say it, but we
could. We also want to be free to explore the possibility of there being no
individuals at all.

We think that our presentation is superior to Quine’s for a number of
reasons. Our presentation does not allude to the simple typed theory of sets
at all in its formulation (it is a set theory in the style of Zermelo, differing in
the details of what constructions are provided): the fact that it is actually a
presentation of the simple typed theory of sets unfolds in the development,
as the reader should see in section [2.

We dispute something that Quine says: he denies that systematic ambi-
guity as in Russell or in the development of New Foundations has a place
here: in fact there is a strong place for systematic ambiguity in this theory;
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we do not escape this phenomenon when we transition to a one-sorted theory.
This comes out clearly in the development in section [2} the fact that we get
different systems of natural numbers for counting objects of different kinds
is an example of this.

The fundamental point here is that Quine’s theory is not intellectually
independent from TST: Resnik’s theory and ours are independent of TST(U)
in their formulation (though of course not in their historical origin), though
related notions naturally develop as these theories unfold.

Our theory of section [2] is presented in such a way that kinds and the
equivalence relation of being of the same kind are not actually mentioned in
the axiomatics, which are tailored to look like those of Zermelo set theory,
which makes the point of intellectual independence from TST very strongly.

Finally, our theory differs from Quine’s quite deliberately in allowing
atoms as well as empty sets, for reasons to be discussed soon.

3.3 The system of Resnik

What Quine did was a kludge. The presence of meta theoretic natural num-
ber parameters corresponding exactly to the types reveals that he is not
really describing an autonomously motivated system.

Resnik gives a genuine one-sorted theory with one-sorted motivation from
which type theory falls out neatly, and his theory is very close to ours.

We list his seven axioms, staying closer to our own notation.

DEFINITION 27 z ~y means (3z:x € z Ay € 2).

Resnik defines © = y as (Vz: & € z <> y € z). So does Quine; for us equality
is a logical primitive, but the comprehension axiom of any of these theories
should make this definition harmless.

Rl: Vo : (3y: (Vz:2 €y < 2z~ x))). This is almost the same as the
Axiom of Kinds which we proposed above as part of an alternative
approach: ours has the extra clause = € y to ensure that ~ is reflexive.
We use the notation 7(z) for the witness to the existential quantifier
y. Strangely, the axiom of comprehension has to be used to fill in this
detail in Resnik’s system.

R2: Vayw:y €x Ay €w — x ~w).
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R3:

R4:

R5:

R6:

Sets which meet have the same type. In our system, if z and y have
nonempty intersection, we have z € x and z € y, so both x and y
belong to B(z), so @ ~ y. The existence of B(x) in Resnik’s system
follows easily from axioms 2 and 7.

NVuvwzy :y €ExANu€xANycewAveEw — (Ft:y EtAutAv Et)).

This axiom is used to support transitivity of ~. We believe that it
is redundant. If y € x A u € z then we have y € 7(u), where 7(u)
witnesses Ax 1 with z := w. Similarly we have v € 7(u). u € 7(u)
is not a consequence of Ax 1 (as it is in our formulation) but it does
hold here because u belongs to some set by the hypotheses. So we can
choose 7(u) as t.

NVowzyz:y€x ANvEWATEZNWE 2 =y ~ V)

We say that in our development that, because z and w have the same
type, they both belong to a set p, and of course | p will contain y and
v. Our diversity lemma, which is equivalent to union in the presence
of our other axioms, also readily implies this statement.

DEFINITION 28 zPTy is defined (following Quine) as
(Fzw:zewAwezAy € 2).

We define To(x) (“x is an individual”) as meaning —(Jy : yPTx):
nothing belonging to the same type as x has elements.

(3 : Ty(z))

We do not commit ourselves to the existence of any individuals.
However it is natural to do so given the historical origin of this theory.

("To(x)Nex~yAN(NVz:z€x > 2€Y) AT EW) >y € w.

This looks odd to us because Resnik treats equality as a defined notion,
but it is nothing more than the axiom of extensionality. It is a bit
different from ours: it is weaker in that it does not immediately force
equality of nonempty sets with the same extension (R2 assists with
this); it allows individuals with the same empty extension to be distinct
but any empty object in a type containing a set is the only empty
object in that type. This is natural, we are more liberal in allowing
many atoms in each type.

38



R7: For any formula ¢,

Vz:(Fy:w~zAMVr:z ey (0N € 2)))).

This is Zermelo’s axiom scheme of separation, with the extra pro-
viso that the object defined is of the same type as the bounding ob-
ject, which is a consequence of axiom 2 in case the set constructed is
nonempty, but ensures that there is an empty object of the same type
as the bounding object if the object defined is empty (which is ensured
by the Axiom of Empty Sets in our theory).

The manceuvre for showing that a general object belongs to a set is rather
strange here, and we want to be sure that Resnik actually realizes that he
has to do it. For an arbitrary z, there is w ~ x with empty extension, by
axiom R7...and incidentally, some set contains both x and w, so x belongs
to a set.

That said, this theory is the same as ours with stronger extensionality
and the positive assertion that there are individuals. We think that our
axiomatics are cleaner, and that there are really good reasons to consider
the possibility of atoms in addition to empty sets.

We review the proofs of our axioms from Resnik’s axioms

Our extensionality axiom follows from Resnik’s extensionality axiom R6 com-
bined with axiom R2: two nonempty sets with the same extension have a
common element, so they are of the same type, and they are not individuals,
so Resnik’s axiom R6 establishes that they are equal.

Our axiom of singletons follows from the argument given above that every
object belongs to another object, and Separation (R7).

If a set A has an element x with an element y, and an element z with
an element w, then y and w are of the same type by axiom 4, and the fact
that [ JA ={u € k(y) : (v :u € v Av € z}. The existence of empty objects
in every type (by R7) handles the other case of the axiom of union.

By axiom R2, all objects containing a fixed z (including 7(z)) are of the
same type, so B(z) = {A € 7%(z) : x € A}.

Our Separation Axiom follows from Resnik’s slightly stronger Separation
Axiom, R7.

Our axiom of Empty Sets follows from the consequence of axiom R7
that every type contains an empty object combined with the stronger form

39

also
check
how he
proves
disjoint-
ness of
iterated

types



of extensionality which ensures that each type containing nonempty sets
contains just one empty object (so the empty set construction is definable
and is not needed as a primitive).

There is an error in Resnik. He claims that he can prove that all individ-
uals are of the same type. This does not follow from his axioms. We think
tat part of the problem is that he defines ST (the relation of being the same
type, which we denote by ~) in two different ways and does not seem to re-
alize that they are not equivalent. Given his evident intention it wouldn’t be
unreasonable to strengthen his axiom asserting the existence of individuals
to assert additionally that all individuals are of the same type.

We acknowledge this system as prior to ours, and as doing basically the
same work: we were not aware of this work when we framed our first versions
of the system of section 2, We do think that there are formal advantages
to our slightly (but inessentially) weaker system, and they will emerge with
further discussion. Proofs of useful results from section [2| port easily to this
system.

3.4 Ambiguity and Stratification: NF and NFU

TST exhibits a stronger form of a symmetry that Russell noted in the more
complicated system of Principia Mathematica [7] and called “systematic am-
biguity”. This symmetry led to another proposal by Quine of an untyped
version of TST, which we describe because it is relevant to our project here.

In TST, provide a map (z — ™) on variables which is an injection and
raises type by one. For any formula ¢, define ¢ as the formula which results
if each variable z is replaced with z™.

It is straightforward to see that if ¢ is provable, so is ¢*. The converse
is not true.

One could then reasonably conjecture the consistency of the Ambiguity
Scheme, which asserts ¢ <+ ¢T for each closed formula ¢.

Quine made the prima facie stronger proposal that the types can simply
be identified. The resulting theory is called NF (New Foundations) after the
name of the paper in which it appeared.

NF is a one-sorted first order theory with equality and membership with
the axiom of strong extensionality (objects with the same extension are equal)
and the axiom scheme of stratified comprehension: {z : ¢} exists if there
is a function o from variables to natural numbers such that each atomic
subformula v++¢ = ’ ++w appearing in ¢ has o(v) = o(w) and each atomic

40



subformula v + +¢ € ’ + 4w appearing in ¢ has o(v) + 1 = o(w): such a
formula is said to be stratified and the function o is called a stratification.
Clearly it is equivalent to say that we are asserting that {z : ¢} exists if
¢ could be turned into a well formed formula of TST by an appropriate
assignment of sorts to variables.

NF presents difficulties: it was shown in 1953 to disprove Choice, and its
consistency remained an open question until very recently. Specker showed
in 1962 that NF is equiconsistent with TST + Ambiguity, and with the
existence of a model of TST in which there is a type raising endomorphism.
This justifies Quine’s jump from the temptation of the Ambiguity Scheme to
the temptation of simply identifying the types.

Jensen showed in 1969 that NFU — the system with weak extensionality
and stratified comprehension — is consistent and not even very strong. It is
consistent with (but does not prove) Infinity, and it is consistent with Choice.
This formal advantage of NF'U over NF is the main reason that we choose to
use weak extensionality in the definition of TTGV. It is now known that NF
is consistent, but this is much harder to show, and the character of general
models of NF remains poorly understood.

3.5 The proposals of Forster

The second author (writing in ignorance of Resnik’s work) proposed the
following type theory with general variables, which was the first one that the
first author encountered.

This is a first order one sorted theory with equality and membership

DEFINITION 29 z ~ y is defined as (3z:x € 2 Ny € 2).

It has the following axioms

e Axiom of weak extensionality: Objects with elements are equal if they
have the same extension.

e ~ is an equivalence relation} ~ is an equivalence relation in which
the equivalence classes are sets: the equivalence class containing x is
denoted by 7(z).

H1Tt’s obvious that it is a PER — a partial equivalence relation. The extra clause is
reflexivity which compels every object to belong to something ...this means we are in a
theory without proper classes — a set theory.
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e set union: The usual axiom of set union is asserted: for every A, JA
exists where x € | JA <> (Jy:z € yAy € A)

e comprehension: {z € 7"(u) : ¢} exists and belongs to 7" (x), under
the condition that each variable appearing in ¢ is typed in the sense
that (if it is a parameter) it belongs to some 7 (u) and if it is bound,
it is bound by a quantifier restricted to a 7 (u), x is assigned type n of
course, and further that in each subformula u = v the types of v and v
are the same and in each subformula u € v, the type of v is the image
under 7 of the type of u. This asserts in the language of section [2[ that
all kind-bounded stratified set abstracts exist.

This proposal is not without its drawbacks, though it does have substan-
tial interest. Like the proposal of Quine, it appears to depend philosophically
on prior awareness of TST. It does have the interesting feature that it does
not prove that the types are disjoint: if NF is consistent, a model of NF is a
model of this theory in which there is only one type. Forster is also interested
in the possibility of cycles in the types, in which 7"(z) might be equal to 7(x)
for some n > 2. These would correspond to type theories with loops in the
types, and we notate them “T'C,T’. It has been known since the 1970’s that
these theories refute AC in very much the way that NF does.

Hereinafter we refer to the above as the initial proposal of the second
author, because he subsequently decided to follow Quine in adopting unre-
stricted separation (For each formula ¢, {x € A : ¢} exists and {z € A : ¢} ~
A) as the comprehension axiom. This theory with unrestricted separation is
actually essentially the same as the first author’s theory of section 2 Each
of the axioms of Forster’s later theory holds in the theory of section 2] Each
of the axioms of Holmes’s theory holds in Forster’s theory if {x € A : ¢} is
taken to be a primitive notation: otherwise there are quibbles about the fact
that Holmes’s theory picks out a unique empty set from each equivalence
class which contains a set, but this issue does not really affect strength of
the theory.

3.6 Interpretation of the theories with general vari-
ables in the typed theories

We now argue that a model of TST provides an interpretation of TTGV.
These results will extend to the other theories, possibly under special as-
sumptions.
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Given a model of TSTU in which the sets implementing the types are
disjoint (a model not satisfying this condition is readily modifiable to one
which does), extend its language to a one-sorted language with the same
variables by the device of assigning the value False to each ill typed atomic
formula and interpreting complex formulas in the natural way.

All of the axioms of TTGV are obviously true in this structure for the
language of TTGV except the axiom of separation. The problem with sepa-
ration is that it asserts the existence of {z € A : ¢} for formulas which do not
correspond to formulas for which this set is provided by the comprehension
of TST.

We have presciently provided for this by proving above (Theorem that
every set {x € 7(u) : ¢} with fixed values for its parameters is provably equal
to aset {x € 7(u) : ¢*} in which ¢* is well-typed (a kind-bounded formula in
which each type is of the form ‘() for some integer i), and in this context
a well-typed formula is exactly equivalent to a well-formed formula of the
underlying TSTU.

The system of Resnik is interpretable if the model of TSTU is a model of
TST. This is direct, as Resnik’s system differs very little from ours.

The system of Quine is close to TST in allowing only the types that TST
itself has. Some application of a theorem similar to our Theorem [13| will be
needed, because the comprehension axiom of Quine’s system is not restricted
to well-typed formulas.

The initial proposal of Forster shines here, because its comprehension
axiom provides for exactly the sets which the comprehension scheme of TST
provides for, and also there is no need for the condition that the types are
disjoint which is important in our proof above.

Quine’s system is in some sense exactly equivalent to TST if type n is
interpreted as the objects satisfying T},, and if objects not satisfying any of
these predicates (about which the theory has nothing to say) are ignored and
elements not satisfying 7, of objects satisfying 7,1 are ignored.

The other theories cannot be said to be exactly equivalent to TST, be-
cause they do not restrict themselves to the hierarchy of types indexed by
the natural numbers which TST supports, and in fact their language cannot
even express such a restriction.
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3.6.1 What you can’t say you can’t say, and you can’t whistle it
either

This is a good point to pause and prove the claim made in section [2] that
the condition “k'(z) exists for each integer i” is inexpressible in the language
of TTGV. Consider a model of TST and convert it to a model of TTGV as
described above. Notice that this model will contain no object satisfying the
condition alluded to above. Take an ultrapower of this model of TTGV using
a nonprincipal ultrafilter over the natural numbers. This model will contain
objects x with the property that x'(z) exists for each integer i, namely,
objects of nonstandard natural number type. If the interesting property
were definable in the language of TTGV then we see that the ultrapower
would contain objects which (in its terms) had this property. But then the
original model obtained from the model of TST would contain objects which
in its terms had this property, and this is impossible.

3.6.2 TSTG

We now describe a theory which we call TSTG; it is typed and in some sense
exactly equivalent to TTGV.

TSTG is a first order multisorted theory (or family of theories) with sorts
of two kinds, 77 (I, n) where [ is a label and n is a natural number, and 7(l, 9)
where [ is a label and i is an integer (a version of the theory might have only
one of these kinds of type). For any type ¢t we define t* as 77 (l,n + 1) if
t=7%(i,n) and as 7(l,i + 1) if t = 7(l,1).

An atomic subformula v = v is well-formed ff the types of u and v are
the same; v € v in which u is of type t is well-formed if and only if the type
of vistt.

The extensionality and comprehension axioms of TSTG are the complete
schemes of formulas of the same shapes given for TSTU, with the additional
latitude afforded by having more types.

In effect, we are providing for an arbitrary large collection of models of
TST and an arbitrarily large collection of models of TZT. This is a family of
theories because we have not stipulated how many labels there are for types
of each kind.

Now there is a direct translation between models of TTGV and models
of TSTG. From a model of TTGV obtain a model of TSTG in which the
sets implementing the types of TTGV are the extensions of the kinds x(z) in
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the model of TTGV, and the (¢ — t) operation on type labels parallels the
k operation on types in the sense of TTGV (to realize the type labels, one
needs to make a choice of “base type” in each orbit in x without a minimal
element; this is not an essential use of choice because we could also allow
many interconvertible notations for each type in a sequence of types indexed
by all integers). This is readily seen to be a model of TSTG.

A model of TSTG is converted to a model of TTGV by assigning values
to all ill-typed atomic formulas of False (ensuring first that the sets imple-
menting the types are pairwise disjoint) and extending the definition of truth
values of general formulas appropriately. Again, the only axiom of TTGV
whose verification in the resulting structure requires care is separation, and
its validity follows from the fact that general set abstracts in TTGV are
equivalent to well-typed set abstracts.

This result adapts to the theory of Resnik which has the added assump-
tions of strong extensionality and existence of individuals.

Consideration of the theory TSTG can be useful in thinking out things
about TTGV. Notice that an arbitrary set of models of TSTG can easily be
made a pairwise disjoint set, and the union of a pairwise disjoint collection
of models of TSTG is a model of TSTG. TTGV has similar properties.

One can get the condition that any well-typed formula ¢[x(y)/x] in which
x is the only free variable in ¢ will hold for all values of x(y) if it holds for all
but a concrete finite collection of values of k(y), which greatly simplifies the
proof that every formula is equivalent to a stratified formula, by replacing
the model of TTGV in which one works with a countable union of pairwise
disjoint copies of the model one starts with.

Another observation is that we cannot (verifying a claim we made above)
establish that arithmetic is the same everywhere in a model of TTGV, be-
cause we can take unions of models of TST with different arithmétic facts
and convert them to a model of TTGV. Another interesting feature of such
a model of TTGV is that it contains types x(u), x(v) for which it can be
proved that k™(u) is not k(v) for any integer n, since arithmétic facts over
k(u) are the same as those over £™(u) in all cases.

Note that consistency of NFU (and of NF) implies consistency of TTGV
(even with strong extensionality) with the Ambiguity Scheme which asserts
that for any formula ¢ in which x is the only free variable,

(Vuv : ¢r(u)/z] < ¢lr(v)/x]).
A model of TSTU with a type shifting endomorphism, which exists by the
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results of Jensen and Specker, converts to a model of TTGV in which this is
true.

THEOREM 15 TTGYV is not finitely ariomatisable

Proof: The separation scheme for kind-bounded stratified formulas is finitely
axiomatizable: this can be done for example by converting the axioms of
Hailperin’s finite axiomatization of NF to this form. The equivalence of
separation over general formulas to separation over kind-bounded formulas
shown in Theorem depends also on the disjointness of the types, which
depends on a countable collection of unstratified instances of TTGV separa-
tion (those defining the sets R, . in the proof of disjointness). Suppose that
TTGV were finitely axiomatizable. Each of the axioms in this finite axiom-
atization would be provable using the axioms implementing kind-bounded
separation and finitely many of the axioms providing for R, ,’s (and the
other axioms of TTGV). Thus there would be a finite axiomatization con-
sisting of the finite axiomatization of kind-bounded stratified separation, the
other axioms of TTGV and finitely many of the separation axioms providing
R, .’s. But translations of all of these axioms hold in a model of TC, T with
weak extensionality: because NFU is consistent, this theory is consistent.
And this theory does not cover TTGV because it does not prove existence
of one of the R, ,’s.

|

But there is a contrasting result which is rather interesting. TTGV with
separation restricted to stratified formulas (which eliminates the ability to
prove distinctness of the types in the usual way) plus strong extensionality
plus the Axiom of Choice is finitely axiomatizable and proves all theorems
of TTGV [it is an inessentially stronger theory]. We state the reasons briefly.
The stratified (equivalently, kind-bounded) axiom of separation is finitiz-
able in standard ways as mentioned in the previous proof. Then the fact
that Choice can be disproved in NF, and in essentially the same way in the
theories T'C,,T" which result if we identify types in TST whose indices are
congruent mod n means that Choice (with strong extensionality) is enough
to prove (rather nastily) the results that the types are distinct, from which
it follows that this theory proves everything in TTGV. It proves somewhat
more because TTGV does not prove Choice.
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4 Consequences of very strong extensionality

In this section we explore the consequences of a very strong form of exten-
sionality (each equivalence class under cohabitation contains at most one
empty object). The usual strong extensionality for TTGV asserts that each
equivalence class which contains a set contains at most one empty object:
this allows for multiple individuals in base types, as it were.

REMARK 1 Under very strong extensionality, if E is an equivalence class
e-minimal under cohabitation then E has only one element.

By an extension of our notation for empty sets we may denote that unique
object by ) and may occasionally write it just as ) when context allows us
to deduce the kind of the object.

Proof:

Suppose x € E is nonempty, so that there is y € x. Think about k(y).
We have y € x and y € k(y), whence x ~ k(y) and k(y) € E. So E has
an equivalence class as a member, contradicting the assumption that F was
€-minimal. So: if £ is €-minimal it cannot contain any nonempty sets. All
elements of E are empty, it has an element because it is an equivalence class,
and very strong extensionality shows that it has only one element. [ ]

The Digraph of Equivalence Classes

Let us now think of the proper class of the equivalence classes and equip it
with the binary relation y = r(x) to obtain a digraph. Actually this is the
same as equipping it with €. We comment without proof ...

Every vertex has outdegree precisely one;
Every vertex has indegree at most one. (That was lemma [2)

So the graph consists of disjoint unions of copies of IN, of Z, and finite cycles.
Let us call this the Digraph of Equivalence Classes.

Nothing we have seen so far prevents there being an equivalence class
under cohabitation (a kind) that contains no such equivalence classes as ele-
ments. (See remark[l]). Indeed it seems there may be lots of such equivalence
classes. Each one contains only an empty set ...in other words it looks like
Vi, and, under the assumption of very strong extensionality. This sets off
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a sequence of equivalence classes looking like the V,, (the nth level of the
usual cumulative hierarchy) for n € IN. But these are all finite! It is time
to consider the axiom of infinity. Again under the assumption of very strong
extensionality, the kind of an infinite set cannot belong to a sequence of kinds
inaugurated by a kind containing no kinds; it must belong to a Z-sequence
(or a loop, under weakenings of our hypotheses which allow loops).

It is important to note here that we are talking about infinity in the sense
of the metatheory: it is straightforward to construct a model of the theory,
with very strong extensionality, whose sorts make up a Z-sequence and every
set in which is finite in the internal sense of TTGV.

We might at this point minute an observation foreshadowed on page ?7.

DEFINITION 30 (Versions of hereditarily finite sets)

A set x in a model of TTGV is called a version of a hereditarily finite set
X of the metatheory [or indeed of any well-founded set of the metatheory/ if
x has as its elements exactly one version of each of the elements of X.

This is an adequate definition by recursion on the structure of hereditarily
finite sets in the metatheory. Under very strong extensionality, it is easy to
see that any hereditarily finite set — indeed any well-founded set — has at
most one version in any equivalence class under cohabitation.

REMARK 2 If E is an infinite equivalence class under cohabitation then it
contains versions of all (wellfounded) hereditarily finite sets.

Proof:
This relies on the fact that if F is a (metatheoretically) infinite kind then,
for each concrete n, it is P™(F') for some (metatheoretically) infinite kind F'.
The proof (in the metatheory!) procedes by induction on the hereditarily
finite sets. We claim that if = is hereditarily finite then x has a version in all
infinite kinds. Clearly () has a version in each infinite kind. Suppose that z,y
each have a version in each infinite kind. Let E be an infinite kind. Then
E = P(F) where F is an infinite kind, there is a version of y in F', whence
there is a version of {y} in F, whence there is a version of x U{y} in E. We
have shown that every hereditarily finite set of the metatheory has a version
in each metatheoretically infinite kind.
[Readers at home only in ZF can tell themselves that remark [2| is merely
that fact that—as one can prove by induction on n—(Vn)(Vx)(V,, C P"(x)).]
]
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Notice that we cannot analogously prove that an E contains versions of
wellfounded sets of infinite rank. [Note that this is a strictly metatheoretic
notion: TTGV cannot even express the idea that a set is of infinite rank]. It
is known that there can be no w-model of TZT + Choice: this means that if
any F contained a version of w, or any infinite ordinal, choice would fail.

LRH: existence of a version of a set of infinite rank does not imply that the
tree of equivalence classes is of infinite rank, or that it branches: I think this
incorrect conclusion was driven by improper identification of versions of the
same sets. I believe in fact that from an w-model of NF in the usual sense
one can get a model of NF in which there is a version of w by permutation
methods.

It is not immediately clear that choice rules out the presence of versions of
any infinite well-founded set whatsoever, but this seems likely. If our cohab-
itations are organised into a loop [which entails failure of choice and would
require a weaker version of separation in our theory to avoid contradiction:
stratified separation would work] it would seem possible that each kind con-
tains sets of infinite rank. In fact when 9 = T'C,, T (for some n) we can show
that the least (external) ordinal that is not the rank of an inhabitant of 9t
is limit. Nothing to say that a = w — or that a # w. But it is easy to show
that there are models of NF' — or of any of these theories — which do not
contain versions of any infinite Von Neumann ordinal, and so probably do
not contain versions of any infinite well-founded set, since a model containing
a version of an infinite Von Neumann ordinal is an w-model in the sense that
its set of natural numbers is isomorphic to the set of natural numbers of the
metatheory ...and this is known to be a nontrivial strengthening of any of
these theories.

We seem to be moving towards a theory which is like ZF except that we
have replaced pairing with axioms saying that

(i) ~ (cohabitation) is an equivalence relation; and that
(ii) the equivalence classes under cohabitation are sets; and
(iii) if # ~ y then {z,y} exists.

We are retaining the axiom of sumset and a [slightly modified version of]
the axiom of power set.

What about separation? Do we need to restrict it in any way?

Suppose there is only one equivalence class. Separation will immediately
give us the Russell class. If there are precisely n equivalence classes, then
they form a loop, and in each equivalence class £ we can form the subset
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{r € EF: z ¢" z}, and the non-existence of this object is a theorem of
constructive first-order logic (no set theory required!)

So clearly we need to restrict the axiom of separation in some way. The
obvious thing to do is to require that, in every instance of the separation
scheme, every bound variable that appears in that instance is restricted to
range over some equivalence class. But, as we can see from these higher-
degree versions of the Russell paradox, that isn’t enough.

What we need is a slightly more restrictive notion of stratifiable formula.
We then assert separation for stratifiable formulee.

We are now in a position to consider axioms that control how many
equivalence classes there are and to add axioms to control what the digraph
of equivalence classes looks like. We've decided to disregard models that
contain €-minimal equivalence classes since they can contain nothing but
hereditarily finite sets. We are left with finite loops and copies of Z.

Can we have models of this theory in which the digraph of equivalence
classes looks like Z?7 Yes: we can obtain such models by a compactness
argument.

In contrast, models whose digraph-of-equivalence-classes are loops are
much more problematic. Naturally we can, for any concrete n € IN, write
down an axiom to say that there are precisely n equivalence classes and that
they form a loop, or two loops or whatever. But finding models for these
axioms is another matter

It’s fairly standard that there is no first-order way of controlling the
number of Z-cycles.

The key theory has

e Extensionality for nonempty or cohabiting sets;
e Power set;

Sumset;

A stratified version of infinity and

Stratified separation stratifiable replacement).

Then

e To get TZT/TC,T we add an axiom that all equivalence
classes are sets, then to avoid minimal kinds we add the proviso
that each equivalence class contains an equivalence class as an
element.
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That’s true, but it’s Good Stuff, and it ought to go somewhere.
Isn’t this the best place? How far over the limit are we?

5 Chopping up Replacement and Collection
in odd ways

stratifiable vs not stratifiable;
connected vs disconnected;
parameter-free vs with-parameters

There now follows a minor cuteness. . .

Express TCTZT as a theory in £(€,=). Reflect that str(ZF) (as in [?])
is also a theory in this language. What is the relation between these two
theories? Let T' be TZT N str(ZF). The thought is that it might be the
case that str(ZF') is T + pairing, and TZT is T' plus some fancy formulation
about equivalence relations about compatibility. The effect of entertaining
this tho’rt will be close attention to how one formulates replacement, sep-
aration and collection. (Isn’t stratified collection stronger than stratified
replacement? Stratified replacement is provable in Zermelo but stratified
collection ain’t - the Mathias formula)

e Global pairing is a consequence of disconnected stratifiable replace-
ment, so it’s connected stratifiable replacement that TZT and and
TC,T prove.

e Stratified disconnected replacement implies global pairing whereas TZT
and TC, T only have local pairing;

e Local (“connected”) pairing is a consequence of sumset + separation
+ power set.

So do we have:
Connected stratifiable replacement plus pairing = stratifiable replace-
ment?
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don’t I write about cohabitable replacement somewhere. . .7

The Mathias formula (“x is a set of n infinite sets all of different sizes”)
isn’t literally disconnected, but morally it is because, for each concrete k,
it is equivalent modulo KF to a stratifiable formula where the difference in
levels between the two free variables is k. This is perhaps related to the fact
that, in the branching quantifier language, ‘|x| = |y|’ can be expressed by
a formula that is genuinely disconnected. I suspect this fact is highly
significant but i can’t put my finger on why.

What is the intersection of TCZ and str(ZF)? You want to have pairing
for cohabitable elements, but you get that from separation. How about
we have connected stratifiable replacement with all variables restricted to
equivalence classes? We have to be careful because we don’t want to rely on
the equivalence classes being sets. The hard part is to show that stratifiable
replacement is equivalent to its relativisation to a hierarchy of equivalence
classes. I think we do that as follows: restrict every variable to an equivalence
class, A, B .... Then replace ‘z € A’ by ‘x ~ a’ and then bind all these a
variables with V.

Relevant axioms:

Every equivalence class is a set.

There is only one equivalence class (= pairing)

Need to find something to say about collection. Disconnected collection
can be strong: the Mathias formula.

OK, how do we formulate stratified replacement, collection and separa-
tion? I think the idea is to take a stratified formula with stratification o,
and a variable ‘A’, and replace every quantifier Q' (where i is o(‘z’)) by
Qx € P'(A).

Observe that the usual derivation of pairing from replacement uses strat-
ified replacement. Indeed a formula F'(x,y) with no epsilons at all:

To capture f,, (the function we use to prove the existence of {z,y}
by replacement) we want to find F' such that (Vx)(3ly)F(z,y), and such
that the pair {c,d} is obtained from t (the cohabitation of a and b) as
{y: (Fz €t)F(z,y)}. I think we want: F(z,y) to be

(xr=aANy=c)V(x=bAhy=d)V(r#aAz#bANy=1x)
Careful! That is not disconnected! We want F'(z,y) to be
(r=aNy=c)V(x#ahy=d).
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Observe that this F' isn’t constructive, nor is it symmetrical in ‘z’ and
‘. But that tho'rt is for another day.

It may also be worth noting that this can be neatly captured with an
if-then-else

y = if x = a then ¢ else d

Perhaps (t =a+—y=c) A (x #a+—y=d).

So the question is: is the restriction to connected formulee for stratifiable
replacement a real weakening?

The general idea is that disconnected instances of replacement don’t do
anything much for you. One class of instances is: things of the form Az.t for
t some term with ‘z” not free. Come to think of it, aren’t all disconnected
instances of replacement of this form...?? And of course if replacement is
applied to disconnected F'(x,y) then the corresponding function takes only
finitely many values—a concrete number in fact. This doesn’t seem to make
any use of stratification.

write ‘S, (z)” for {7 : j"(7)(x) = x}. Observe that j“S,.i(z) C S,(z).

The ability to slide things up and down means that if ‘z” and ‘y’ are
disconnected in ‘F'(z,y)’ then, if F(a,b), we have

(V>°n, m)(Sn(a) S Sm(b))

We need to think very hard about what stabilisers look like to see why
this is impossible unless b is symmetric. Or something. Actually we need to
think about the parameters inside F' too . ...

LEMMA 9
The scheme of stratifiable replacement is equivalent to the scheme of replace-
ment for stratifiable connected formule.

In fact we even have

LEMMA 10
In any system that has existence of concrete finite sets the scheme of replace-
ment is equivalent to the scheme of replacement for connected formule.

Or: (another way to put it)

LEMMA 11
The scheme of disconnected replacement is equivalent to the scheme of exis-
tence of finite unordered n-tuples.
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It would help to have a normal form theorem for disconnected formulae
of FOL. Isn’t it a metatheorem of FOL that every FOL formula is classically
equivalent to a boolean combination of connected formulae? It is, and we
prove it by structural induction on the language. No problem for the propo-
sitional connectives. Suppose ® and ¥ are compliant. Assume them in the
form of a boolean combination of connected formulae. Take (for example)
conjunction. If ® and ¥ have some variables in common then we might have
to amalgamate components in the final result, but it’s pretty straightforward.

The quantifiers are pretty easy. Suppose ® is compliant, and it has a free
variable ‘z” which we are going to bind with a quantifier. So we now have
(dx)® where ® can be taken to be in DNF (we would assume ® to be in
CNF if the quantifier were a ‘v’). So we push the ‘3z’ down onto each of the
disjuncts.

(This is lemma

The moral seems to be that if Vz3lyF(x,y) is to have a prayer of being
true then F' had better be a connected formula. Here is how to argue for
it. If ‘2’ and ‘y’ are disconnected in F' then Vz3lyF(z,y) is going to be
equivalent to a boolean combination of VzA(z) and 3lyB(y) for some A and
B. And then it’s clear that if Va3lyF(z,y) is true then there is a unique y
anyway, whether or not VxA(x). However i don’t know whether or not the
3! quantifier is preserved in the way required. But perhaps it is. F(z,y)
is going to be equivalent to a boolean combination of two distinct kinds of
formulee: those containing ‘z’ and those containing ‘y’. Let’s assume this
boolean combination is in DNF. Can we push 3! inwards? I think

y(Fy) v G(y)) F 3y(F(y) v IyG(y))

but the inference in the other direction is not good. After all let F' and
G be the two properties of being equal to Tweedledum and being equal to
Tweedledee.

A key observation.
Stratified instances of replacement.

REMARK 3
Suppose F is stratified, and that = (Vx)(3ly) F(z,y).
Then the variables ‘x’ and ‘y’ are connected.

Proof:
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Suppose not, and that (Va)(3!y) F(z,y) holds but ‘z’ and ‘y’ are not con-
nected. Key fact: ‘F'(x,y)’ can be given stratifications in which the (absolute
value of the) difference in levels given to the two variables can be as big as
you please. Suppose the value given to the variable ‘x’ has to be at least
m and the value given to the variable ‘y’ has to be at least n, fix on m as
the value to be given to ‘2’ in a stratification. Now suppose there are a and
b such that F(a,b). Then, by Coret’s lemma, F'((j™0)(a), (j"0)(b)) holds
for any ¢ and infinitely many n. Now let a be something like the m-fold
singleton of (), so that (j™o)(a) = a for all . By uniqueness of b we must
have (j"0)(b) = b for all o, and that is straining credulity too far. n

Now to show that stratified replacement is a consequence of stratified
separation.

Suppose Vz3lyF(x,y) is a theorem of something basic like KF, where ‘F’
is stratifiable with ‘z’ of level n and ‘y’ of level m. We want to show that
we can restrict the variables in F' to live inside equivalence classes so that
F becomes an expression of £(TZT). Stratified replacement is a scheme of
conditionals, and the antecedent is Va3lyF(z,y). We want to show that if
the antecedent holds, then we can restrict the variables to equivalence classes.

Suppose we have F'(a,b) for some a and b. Think about J" a and |J™ b.
The thought is that if |J"a # J™ b then it should be possible to find a
permutation of (J"a U [J™ b that moves b but not a. Of course we can’t
do this, because Vax3lyF(z,y). So we cannot disentangle a and b, and this
means that we can painlessly restrict all the variables in F' to live inside the
equivalence classes on top of [J"a U J™ b.

That’s the idea. Suppose [J" b\ [J" @ is nonempty. Then let 7 be any
permutation that fixes |J" a pointwise and moves at least one thing in (J™ b
to something not in | J" 0. Then ;" fixes a and moves b, giving F'(x, 7™ (D)).
So b is not unique. But b is unique, so [ J™ b C |J" a. So this is telling us that
if Va3lyF (z,y) then the y can be found inside P™(|J" x) (which sounds like
the KF bounding lemma . .. except that this time we have more quantifiers)
and sounds like the kind of thing we want. Let’s minute it. We’ll have to be
careful how we state it. ..

REMARK 4
Let F(x,y) be stratifiable with ‘z’ of level n and ‘y’ of level m.
Suppose M = KF + (Vx)(3y) F(z,y).
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Then

M f= KF + (V) (Bly)(F(x,9)) A (V2)(F(z,y) = z € P™( )

I think there is a finitely axiomatisable theory whose models are disjoint
unions of models of TZT and TC, T for all n. What was that about mutual
interpretability and finite axiomatisability?

I think there is a finitely axiomatisable theory whose models are disjoint
unions of models of TZT and TC,,T for all n. What was that about mutual
interpretability and finite axiomatisability?

(tho’ that is actually weaker than what I have proved...)

Proof:

Suppose M = KF. We will show that stratified (connected) replacement
holds in 9. Reason in 9. Suppose (Vz)(3ly)F(x,y). Let X be an arib-
trary set. Then (Vo € X)(3ly)F(z,y), and this y can be assumed to be in
P™(J" x). So all the witnesses for all the € X can be found in the union
of all these, so they can all be found in P™(|J*"" X), which is a set, and we
can use separation to peel off the stuff we don’t need. [ ]

Actually it’s slightly more complicated than that, because we need to
consider the parameters. The 7 that we dream up has to fix the parameters
as well. Suppose we have parameters z; ... zg, of levels [; . .. [y then we know
that for each x we can find the witness y inside

PrUzulJ 2 U U 2)

Now! Why is that a set?” We need the parameters to be cohabitable.
That is annoying, but it doesn’t completely trivialise the result
Either way it seems that the conjecture requires yet more tweaking.

Observe that [the deductive closure of Trevor +] Amb™” is included in

[the deductive closure of Trevor +] Amb". Also Amb” U Amb™ implies
AmbHCF(m,n)

One can make a connection here with str(ZF) and the axiom of pairing. In
the presence of the axiom of pairing my weakened extensionality is equivalent
to full extensionality. Observe that AxPair implies that
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(i) ~ is an equivalence relation.
(ii) There is only one equivalence class
(iii) Equivalence classes are not sets.

(iii) follows in ZF but not in str(ZF).
Thus one could chance one’s arm and say that the “meaning” of AxPair
is that the universe is one-sorted.

Perhaps one will find that str(ZF) and TZT are mutually interpretable.
Perhaps this will tell us something about why replacement is provable in
TZT.

Hmmm. .. str(ZF) is going to be stronger isn’t it ... 7

OK, backtrack a bit. Consider the theory 7" with the following axiom
(schemes)

(Vzyz)(x € zANy € 2z > & =y +— (Yw)(w € © +— w € y)) (new
extensionality)
Power set
stratified infinity
sumset
stratified replacement
(Vzyzuv)(Fw)((zr E uhNy EuNy EvAz €Ev — (x €wAz € w))) pair-
equivalence

We write x ~ y for (3z)(x € 2 Ay € 2)

Then str(ZF) is T' 4+ “there is precisely one ~-equivalence class”

Type theory is T + “every equivalence class contains at most one equiv-
alence class”

Similarly TZT and TC,T.

Stratified Replacement + power set implies pairing. So how do we have
to formulate stratified replacement to forestall this? Answer: you assert
stratified replacement only for those functions for which ~ is a
congruence relation.

This is because we want f“xr to be a set. All the members of = are
equivalent so, as long as f sends equivalent things to equivalent things, all
the things that should be in f“x will be equivalent, so we can collect them.
The existence of the equivalence classes as sets is a kind of collection axiom:

o7



REMARK 5

(i) “~-equivalence classes are sets” proves collection for compliant relations;

(ii) “~-equivalence classes are sets” plus separation for compliant relations
proves replacement for compliant functions.

Proof:

For (i) (collection) we argue as follows:

Suppose (Vx € X)(3y)R(z,y) where R is compliant. All the x € X are
equivalent, so all the y s.t. (3x € x)R(x,y) are equivalent by compliance of
R. So if their equivalence class is a set we have right there a set that collects
things R-related to members of X.

For (ii) (replacement) suppose f is compliant, and let X be any set. Then
all members of f“X are equivalent, so f“X is a subset of their equivalence
class and exists by separation for compliant properties, since “(Jz € X)(y =
f(x))” is a compliant 1-place property.

[

There might be something to say about IO in this connection.
Oh, and by the way, notice that you can extract a model in such a way as
to get a genuine reduct — i.e., the same domain — that is a disjoint union of

two structures. . . extract odd levels and even levels! We need to think about
this...
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